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FOREWORD F 0  THE STUDENT 

Phs  C a l o u l u s  d e a l s  w i t h  problerne i n  whioh t h e  
v a r i a t i o n  o f  q u a n t i t i e s  is  t h e  e s s e n t i $  019-
ment. Pbe ob ' e o t  of  t h e .  o o u r s e  f o r  whfon t h i a  
book 13s ~ r i t i e ni s  t o  Q i v e  a n  e a r l  f a m i l i s r i -
t y  r i t h  t h e  C a l o u l u s  a s  a means o f  { h i n k i n $  no-
o u r a t  e l  abou t  v a r i a b l e s .  The a o n a e p t  i o n s  of 
r a t e s  o t  l noreaee  and OP a v e r a d e  and i n s t a n t s -
neo113 v a l u e s  s h o u l d  bo c a r e f u z l y  t h o u J h t  o u t ,
and  i l l u e t r a t i o n a ,  whioh abound i n  daT l  l i ? e  
8 s  r e l l  as i n  t h e  s t u d  of c o i e n c e ,  s h o u f d  o e  
l o o k e d  f o r  i n  aa  nany a i r a o t i o n s  as p o s s i b l c .  

' l h e  p roblems a r e  an  i m p o r t a n t  P e a t u r e  of  Lhe 
c o u r s o .  Phe  are n o t  t o  b c  s o l v e d  b y  t h o  sub-
~ t i t u t i o n  oP $ 3 ~ 3inLo s p c u i a l  f o r m u l a s T  bu t  b y
t h e  a p ? l i o a t  i o n  o f .  j , c ce ra l  p r i n c i  lcs. haah o m  
xps t  o; c l - a r l y  o o i o e r v s d  ond nnaPyzo3 .LA t h e  
mlnd, n:ld ujusily a diagrarn inust uo jlrivrn an3 
d imons ioned  b e P o r r  one  3an b ~ 3 i . c  t o  w r i t c  %he 
al@,ebrsicsl an4 nurner ica l  p a ~ t oo f  bhe s o l u t ~ o n  
Many o f  Lhc p r o b l c n s  a r e  lmporVanL o n e s  t a k z n  
Prom t h e  soions~a: some which eoem v o ~ ya r t i f i -
oial a r e  n e v e r t h c l r s s  of 2 r s a t  s v r v i c a  t o  Chc 
s tu j i cnb  in l c ? r n i a g  t o  Lhink i n  t e r m s  o P  v a r i -
a b l e s  and  t h e l r  rutoc .  

X h i l e  t h e  i5,icate;t r r s u l t  04 Che s t u 3 y  of t h c  
S a l o u l u u  i s  i n  t $ a o h i n <  t h o  s t u d e n t  t o  t h i n k  
a c G n r a t a l y  about  t h e  pnenomans o f  v a r y i n g  quan-
t i t i e s ,  t i i o r o  is  . in  many of  t h e  p rob lems  3, con-
s i d o r a o l 3  n3ount  oP a l + s b r a i o a l  t r a n s P o r m n t i o n  
3'13. ~ , i l : ~ . = ~ . ~ 3 3 1c o t n p u t h v . ~ o n .~ r 3 3 t  a t C 3 n t i o r ,  s a s t  
b c  9,ivan Co t a i o  s i d e  of Lhe nork.  Not o n l g  ni-o 
t a s ? ~ ?:39b,jects t a u g h t  I n  i h e  p r p c s d i a g  t e rm znd 
p . ? v i e ; v u a  a; o o s a s i o a  zf"or.3~~ out t h e .  a u s t  Se 
~ o n % . i . ? a u l i , ysLaSi-5 t ~ i r u o u r .  t h ~a s t ~ e ~ a t i s n l  

he rff~o+ivrly : ? a s ~ > ~ o d3o:xrae an3  3 % ~  o n l y  b y  
q ~ r i l :iiiaa.1 c a z s F a l  p:-sct ; ioa.  
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ilhe 2bLh;iILUS i s  tna t  ~ r a n c h  of gati-lematics 
whicn t r e a t s  cf o r o z l ~ x s  i n  unieh an 2 s s e n t i a l  
e l e m n t  i s  thv v s r i z t i s n  of q u a n t i t i a s  involved. 

ULCiIIGSj. kben  twc va r i ao le s  are  s o  soiinse c-
ud tha t  i h e i r  values a re  m u t u ~ l l y  dvpcndent, ;Je 
~ 2 . yr v ~ a r done as indepzntiznt and c o n t r o l l i n ?  
t h e  o ther :  the l a t t e r  i s  then calle.1 a tlunc-
t ion  01' ? b s  tormer, while the c o n t r o l l i n ~vari-
aole i s  c a l l e d  the Ar-umvnt of the f u u c t i o n .  

Tor s x m p l e s  of s u c h  r e l a  t ions,  consirivr : 
A r , q : ~ . m e t t t ,  .??cncti o i t ,  o r  
Inde+endcnt, or L e P e r t d e n t  variubls: 
C o n t r o l  variable: 

ANGLE 

T I M E  a train has ru n  
a A D I U S  of a circle 
DEPPE undor n a t e r  
+ay( liU:<i333 

'J.9EiZ ii: r n s r z i n  of i ,ablc  

L,I~~i'pdi$Sak{PAPI2~\ fi'UkJ'lTCW. 1h c r u  ar: t nree 
p r i n c i p a l  #vays of ~ x p r e s c i n q  thz r 3 l a t i o n  be-
t r ieen two rcu tua1l.y c o n ~ z z  ts+i variactlss:  
1. ANALYli IZAL,  09 a LS3MCi .E  or vvroal r c l e .  
2. 'CAt3LiL9:<, o y  n u ~ b e r sir. ~ h z~ o d ycc 2, t s ~ l e ,  

the arlurcent se in2  I R  rt.ar2iri. 
3 .  3&L$MI:AL, b v  a cur-1s J 1 i C i ; i  :.: = t l i ~zont ro l  

var izoie ,  2nd : ) ~ O C V  y = Ln:? funcl ion .  



spscial : r ;=anir ig  may 5 2  ~ i v p , nt o . t h s  syrc301 

f ( X )  F(x) +!(X) 

so t h a t  3 i t h v r  s n d l  3enoLs (xi t t iout ,  d % l a r i a ? )  
ivhat opura t ions  are t o  Sp, psrforssci u p c n  t h.-, 
a r < u ~ e n ti n  c a l s u l a t i n g  t h s  - ,orrespon;i in.~t ~ a i u v  
oF t h e  funs t i on .  Ynateuer quan t i t y  is placrci i i ~  

Li12 p a r s n t n e s i s  i s  t o  j s  Laksn a s  t n v  ar?i:.Teai, 
;'or a t i a f i n i t i o n  of susn ri synibol  a s  L( ), 193 

nut Phe Pormula i o r  tho Puuo-f l ( x )  5 i L i o n  whon X is t h e  argument  

f l = l l;33 sylcbGl , is usvj  :o 2311  s t t 2 n t i o n  30 t k  
2z:t i h a t  a ~ & ~ ' ~ i i ' . { ~ i J f ;i s  53in4' Z ~ V ~ E ,T n = n  
; v b n  i?( ) a p o n ? s  . ~ i t ? ~so&^ o t k r  c;uar, t i ty i n  
t h 3  p a r s n t h = s i r ; ,  t h a t  q u a l ! ~ : i ~ , yi s  !,o b 3  su j s i i -
t i i t r d  Lor x i n  Li12 ?(X) for;tl1~13.f h u c  if  $(X) 

25 t  . ? ( ~ ) = ~ y ~ - + 1 ,i>i(~)=il,.2x2+1, ; 1 ~  .(I)=>, 2nd 
? (x+1)= . z (x+1)2+I=,h2.t.qx+::., 



3. By a 2raph:. rhe squat ion;  
of  t h r  g r a p h  will b e  y = $ x m  
and t h 9  t a b l e  just c a l c o l a t ~ d  
may b~ U S S ~i n  p l o t t i n g  i t .  

FitG3LEHS 
1. If E(x)=2x-3, g i v e  i n  tabular  form kha val-
ues of f (O), f (11, f (2), f ( 3 ) ,  and f (4) 
2.  Y i v e n  f (x)=2", skoiv that f ( x ) * f (y)=f (x*y). 
3.  I i v - n  f (x)=f5, r h a t  c u r v a  is y = , f ( ~ ) i  

4. Do'rs f ( 2 x )  = 2 * f( X ) ,  Ist ,  when f (x)=3x-4? 
24d, when f ( x ) = s i n ( x ) S  

3 .  I? p(x)=,-, T+x show t h a t  V(- 1'~) = - l/x 
1-X 1-X 

6 .  H h k h  is zrs~t t? r :f (3)  or f (4): f (x)=25-xe. 
7. D m s  f ( x b f  (y)=f (X-y) i f :  Ist, f (x)=2x'? 2nd, 
i f  f(x]=p2? jrd, y=f ( X )  i s  an a r b i b r a r g  C U ~ V S ' ?  
Y .  i 'a$ulat= tn2  f u n z t i o n  "Area of s q u i l a t s r d  
t r i an? . l s t1 ,  r v < a r d x i  as ~ o n t r o l l s db y  t br: l s n 7 t h 
of' ont: s i j ~ ,  Eor v a l u s s  of t b e  argumsnt from 0 
t o  1 Foot a t  i n t w v a l s  of 2 i n z h j s .  
3 ,  Rsprssun t  b y  f o r z u l a  aiici by graph:. t h e  MEA 
of a rirclf: rsgards i i  2;s fu 'ns i ion  of i t s  r a d i u s .  
10. R1prss5nt b y  t 'o ruula  and S y  t a b l s :  t h r  AREA 
of  s r = s t s n < l s  i n s s r i 5 2 d  i n  u s i r s l a  of r a d i u s  
5 f t ,  using as argurilsnt tLhv l e n g t h  of one s ide .  
l a b u l a t e  t h s  f u n s t i o n  f o r  v a l u s s  of t h s  arg* 
a $ n t  s t  i n t 2 r ~ a l sof 1 f t .  from 0 t o  5 f t .  
11. "I'xprsss b y  g raph  an3 P o r ~ u l a  * th r  r s l a t i o n  
3-,,b;v2rn t h =  t i m  rquir-3Ci i O  do a ,job an$ the 
nuiubsr oF gsn r 2 q u i r e d  t o  do i t .  
12. Exprsss  t h ~r s i a t i o :  ,y=,i(x) g r a p h i s a l l y  i f  
y i s  a  G s n t i z r a d 5  t m p s r a ~ u r s  snd x t h s  c o r r e -

L 



spond ing  Fabrenhzit  tomperature. 
r C -xprass b y  graob and Lable the  f u n c t i o u  
i(~), if X i s  t h 5  weight of a l e t t s r  i n  ocircri 
L n ~ k  i ( x )  the required postaqe, from x=il t o  x=5. 
11. ixprjss by g raph  and formuiz the r e l a t i o n  
~ v c z r v na. runct ion znd its a r g u ~ a n tiE the ar-
% u r & n L  runs from 1 to 3 ~ h i ! . i  t h 5  funct ion  
stsadily dvrreas2s f r o ~  7 t o  -1, 
15. 3epresvnt Y=: (X )  sud r=.v(x) b y  a l  ?vnraic  
fcsrttllzs i f  V i s  tiia volulre of a cylin.t;r i n -
scrirtei i r ,  a cone of a l t i t u d e  H, r ad ius  of Das3 

, ans X i s  tnr rsdius of the aase of the u y l -
indvr  and ~ ( x )i t s  a l t i t u d e .  

INJREKEhPS. l'he syrnool "Ax" i s  read "Je1 ta-X" 
or " inc~ement  of X", and denotec en a r b i t r a r y  
arcount (usua l ly  small, somg timvs i n f i n i t e s i m a l )  
z ~ i d s dt o  X .  

Der. A n  i n f i n i t e s i m a l  ie a v a r i a b l e  which  ap-
proaohes Sero ae a limit. 

AF(x) rdprssea ts  thz increase i n  F (  ) sor re-
sponding t o  tbe change i n  the a rgumnt  from 
i o  x+Ax. ?Y t h i s  incrvase we msan 

Hen vzlue mintcs ?o~in~:~-v a l ~ . ~  
t h e t  is :  

A ? ( x )  E E1(x+3x) - F ( x ) .  
i\iote hoiv 11.12:f i n d  tne increment of a funct ion  

when t h v  f unction i s  expressed i n  each way: 

1. Analyt ical ly .  If F(x)- l /x ,  and Ax is  added 
t o  X, F(  ) becomes F(x+Ax)=J/(x+~x). Subtract-
in2 wz ; z t  AP(x) s l/(x+Ax) - l / x ,  and reducing 
t o  uoiosoii d-znoxinator, AF(x) = -Ax/[x(x+~x)]. 

2. Aith a t zo l e .  In  a table with va luvs  of 

x 



~ ( x )ic t a e  oody, Ax v~ould oe t h e  i n t e r v a l  be-
twsen two numoers i n  the tnargin, and bP(x) the 
correspon:ling L a b u l a r  d i f f e rence  i n  t h e  body of 
t h v  t ao le .  (Ooservu t i i a t  Bhese a r e  not i n f i n i -
t;simal, b u t  f i n i t e ,  i x r e m e n t s . )  

I h u s  i n  t h v  i'ollciving tab le ,  Ax i s  uniformly 
equzl t o  .5, h a i l ?  b i  (X) v a r i e s  i n  the  d i f f e r -  
s n t  i n t s r v a l s  a; shoun i n  the t n i r d  l i n s : ,  

3 .  J rzpn ica l ly .  If A and d a r e  
two nelonooring poinLs on the zraph 
of y=F(x), t h v n  th:: run'from k to  B 
r3presen t s  tne value of Ax, and the 
corresponding r i s e  i s  Ay o r  A F ( x ) .  

dhen  e i t h e r  of the correspondin$ chan$es, hx 
G r  h!' (X), is z DsCRF'dFi:i', the increnent-symbol 
i s  rz2irded as represent ing 2 negative number. 

'fhus i f  y=35-2x, and X incceases 
I-dr Erom 8 t o  15, hx=,+7, O u t  y dv-

creases from 19 t o  5, and so  ne 
have hy= -14. 

PR03LZXS 
1 "  I f  f (x)z3x2, x=2 :*nd Ax=l, c a l c u l a t e  y=L(x) ,  
f (x+Ax), and A E  (X). 
2 .  Shon b y  diazram correspondinz values of Ax 
2nd by a t  t he  g o i n t  ( 2 , l )  on the  curve 3y=x3, 
3 .  A t  tr i2 point  (3,4) on the  curve x2+y2=25 
what can you say of the s iqns  of 4x and Jy? 

4 .  If a function, y=f (X),  i s  given 8y a tao le ,  
say  E(x) s.102 s in  X, and Ax i s  tne  i n t e r v a l  of 
t h v  tzb la ,  say 1 qinute,  what symbol denotes 



t h e  tabugar d i f f9 rancs f  
5. Fin3 hy i f  y=2x2-X. Ay=,($x-l+Ax)Ax. 
6. Pind hy  i f  y=f/x2. (2x-AX )&X

A y = - xg (x+Ax ) 
7. 1f f ( X )  =, /X, f i n d  Af ( X )  and r a t i o n a l i z e  ~ t s  
num2rator. Axh f ( ~ )= Jx + J x + A x  
8 .  If  x2+y2=,ag, v e r i f y  t h a t  2x + Ax

A Y ~ x = - 2y + Ay 

3 .  If i t  s o s t s  x d o l l a r s  t o  go y milss, shoa 
t h a t  100(hx/Ay) i s  t h e  "mileage" p s i d  f o r  a 
c g r t a i n  s sc t ion  of t ht: journsg. 
10. If W i s  a a o y l s  w e i g h t  a t  y y3ars of agc, 
)yhat is A:; f o r  th.; casa of y=12 aad Ay=10? 
11. If  f ( x ) = s i n  X ,  i ~ h a ti s  Af ( X )  w h ~ nx=33" and 

12, #nat  t ao  f a s t s  30 "T/W tons p w  wsek" an3 
''~T/bff tons  per weekn r r f s r  t o  i f  T tons  of 
s a r t h  ar:: du2 OLG ~y th3 end of W ~vvrksf  
13. Nhsn hx i s  p o s i t i v 3  sn3. X, Ax, r j n i  x+4x sre  
f i r s t  qua5rant % n z l s s ,  : i h i s h  of t hes5 f uns t i o n s  
navs pos i t i v s  1nsrvtr3nts an3 ,vhin,h nsgat iv$? 

s inx ,  zosx, t anx ,  s o t  X ,  

14.  IE a t r s i n  b i s  s o w  $4 :oilss i n  t b s  l a s t  B 
hours, s o n t r s s t  t h s  m2sninqs of W14 and AWOH. 
1.5. If (x,y) mo.??s alon; tns s u r v s  y=f(x)9  y/x 
is t k  tang;.nt 0f :rhst angls? Sho i~t h a t  hy/ilx 
i s  t k  s l o p s  of a :hori :~hos5 ho r i zon ta l  pro-
jsst ion  i s  Ax. USS a diagram 
16.  J a l s u l a t ~t h s  Isn,r;msnt of y a s  X i n c r s a s s ~ i  
from x=2 t o  x=3 if y=2x-x2. Ay = -1 
1 7 .  If I i s  the  i n t e r v a l  bs tvsan  arguments in 
ta51v and i' t h 9  t abu la r  d i f f e r e m s ,  show f,hat 



= time elapssd,  expla in  nhy y/t i s  ths  ivsrags  
O p e d  for t b s  hole tim5 only on s o n l i t i o n  tnat  
y aod t ar; var iab les  s t a r t i n o  s i m u l t a n ~ o u s d y  
a t  aaro,  although 5yJAt is t h v  avsrsz2 sps& 
f o r  t h s  i n t s r v a l  denoteci b y  A t  without suzn  a 
condit ion.  

20. Drm a survv for w h i s b  any incrsmvnt i n  X 

produsss a decrvwnt  i n  y .  

21. Calculata Ay/Ax t~ t b ree  deciffiai p l a r s c  if 
y = log f or  a v a l u v  of X nsar X=%. .QCJs 

If t h e  i n t e r v a l  b5  t s k 3 n  s t i l l  s h o r t s r ,  t h v r s  
will bs l ess  v a r i a t i o n  of t h s  RATE i a  d i f f s r = n t  
pa r t s  of th s  i n t ~ r v a l ,  and ;ars take, as t h s  EXACT 
RAFE a t  any s t a t 2  t b s  L M I T  approashv? b y  such 



I 

a n  average ra te  wnen t h e  i n t e r v a l  s h r i t i k s  :jo%hifi I 

upon the s t a t u  in quas t ion .  

ILLUSJHAPI'Jfli Pi?OBLE%. ;Ve w i s n  t o  f i n d  the 
spved of s oody s l i d i n g  dovm e s z ~ o o t ~i n c t i n v d  
p l a n e  r h i o h  rnakes an ang le  of 5' r . i t i I  L n 2  iiori-
z o n t a l .  Lhe t ~ oconnectsd  v a r i a o i v s  a r e :  

File numoer ,>f seconds s i n c e  s L i ~ i n ?oe<an ,  
~ a k v nas t he  COYFdJL ~ y i i a o l da n 2  r v ~ r c s v n t - r 

2d oy "t". 
lriz n u m b ~ rof f;et t r o ~the f o o t  oP t h e  i n -

c l i n e  t o  t he  zovinq b s l y  re4srle.t a s  a f u n c -
t i01i  bf L ,  " f  ( L ) " ,  and r3p'rusentsd oy "s". 



I 2nd. Using tha Graph:  i'he i n s t $ n t s  t=.3 a n 3  
t=;4 a re  represanted by the  poin ts  A aad B ,  T h u  
r u r l  from A t o  B r ep resen t s  A t ,  anti tiic, r i s e  
from A to B h h i c h  happens t o  be n e ~ a t i v e ' i n  t h i s  
case)  represvnts  9s. The quotien t ,  ils/?,t, 
r cp resen t s  t h s  SLOPE OF Ai3 as well as  ehe aver-
age SPEED f o r  the i n t e r v a l .  If wv think of a 
long l i n e ,  pivotvd a t  A ,  and t u r n - -
ing a s  B approaches k ,  the s lope

I of t h i s  l i n e  shows how the average 
spevd changes as  tiie i n t e r v a l  i s  
tsken shor t e r  an? shor t e r .  

rhe s lope  of the  TANGEN'r  a t  A i s  
t he  l i m i t  approached b y  t h i s  quot ient ,  hence 
the s lope of the tznq3nt a t  A r ep resen t s  the 
exact  speed a t  the i h s t a n t  when t=..3 sec. rhe 
graph gives  u s  more p roc i se  information than 
the  t ao le ,  b u t  owinz to  the t echn ica l  d i f f i c u l -  
t i z s  of drawing an3 measuring,oour rssult i s  
s t i l l  only approxivnate, 

3 r d .  Using the  F o r ~ d l a :  e take tne s t a t e  
correapondinrj t o  t h v  ~ e n e r a l  vslues,  s and t ,  
and 2 l a t e r  s t a t e  wnen they  have oecome s+Os 
and t+At.  r h e  fo rau la  4 ives  f o r  thvse a t a t e s  

s = ,512 - 1 . 6  t2  
and S + A S  = .512 - l , 3 ( t + h t ) 2  
; x p a n d i n g  an4 subt rac t i n g ,  we 05 t a i n  

A S  = -3.2 t A t  - 1 . 5  (6 t )"  
d iv id ing ,  ge get the  avuragv spuvd rorl i t i~la 

4s/ht = -3.2 t - 1,sAt 
J e  can t h e n  see t ha t  as t n e  i n t e r v a l  i s  pro- 
j r e s s i v e l y  shortened, the  term "-1.6 A t "  gu ts
3 


smaller  and smaller,  and so we can take the  
l i m i t  and wr i te  the exact spevd for i lula  

speed =(-3.2 t ) F t . p v r  sec.  



From this formula WS f i n d  t h a t  t h s  5 x i s t  sp& 
whea t=,3 i s  -.L36 f t . p e r  sec., t h s  i n i n u s  ; i < r ,  
meaninq t h a t  t b e  spesd i s  i n  s u ~ ha d i r s z t i o r  
t h a t  t h e  d i s t a n c s ,  s, i s  d e s r s a s i n g .  

f h ~f u n z t i o ~ a l  n o t a t i o n  ( s e s  pa$e 2) z n a b l s s  
us t o  p e t  i a t o  sompast and c o n v ~ g i s n trorni a 
statement of the  f s s sen t i a l  s t s p s  i n  tb2  thrc?? 
c a s e s  d e s c r  ibsd  abovs . 

s=f ( t )  r 5 p r e s e n t $  t he relstion bvt iv=rn  tiz 
cpars': (s f 5 3 t )  an3 t h e  t im ( t  seaonds) x h s t h v r  
t t i is  c s l a t i o n  i s  s x n i t > i t ? l  t o  t k  !sind b y  3. ta-

a graph, o r  a fo rmula ,  s an3 s+Os mijr3-
sent the two v a l u e s  of t ha spacs  w!~icns o r r s -
spon.3 $0 th$ two t imes, t an3 t*At. l ' b  t;uo 
s t a t s c  =onci3ar3i  g i s l d  t h2 t;yo s g u a t i o n s  

C = i ( t )  
S + O S  = f ( t + n t )  

s u h t r a s t i n 3  As = i ( t + h t )  - i ( t )  
d i v i d i n )  5y  At r ~ 3th9n ) : ~ t  raLzthu, ' i v ~ r a 5 ~  

Ac - i ( c + 4 t ,  - f ( t )--.- -
ac a t 

a x i ,  t a k i n ~kh2 l i a i t  as t h r  i n t 5 r v a l  shor tsns ,  
d", ?=t  t h j  sxast  r 3 t 9 .  Th i s  ra ta  is  a f u n s t i o n  
d s r i ved  frorn f ( t ) ,  and i s  s a l l s d  t b e  OGKIVATIVE 
of f ( t ) ,  and is r ~ , p r e c e n t e db y  a s p m i a l  f u n s -
t i o n a l  symbol, namely 

f ' ( t )  
Tha d e f i n i t i o n  of this sym501 i s  t h 3 r s f o r 3  

E limit ds limit f ( t + d t > - f ( t >  
bt59 E Or At53 at 

T h s  oyrabol ' s  ' means ~ a ~ ~ r o a e h e sas a Lipiit 

Th? prosess j u s t  o u t l i n s d  i s  of s u s h  f r = q u ? n t  



recurrznse t h a t  i t  i s  i ~ p o r t a n tarid k l p f  u l  ' to 
uss special narnvs f o r  i t s  su-,~-sssiv5i'1satur3s: 

Fut ic t ionaL r s l a t i o n :  s f ( t )  
C o r r e s f i o n d i n g  i n c r e m e n t  s 4s u n d  At 
Augaent ed variables stAs nnd t t 4 t  
Albgment e d  r e l a t i o n  s t d s  = f ( t t b t )  
b i f f  e r e n c e  equation A.; = f ( t t 4 t )  - f ( t )  
G i f f e v c n c e  q u o t i e n t  s / A t  = ~ j ( t + d t ) - p ( t ) ] / 4 t  

Ihs  various st5ps i i i  t n i s  pio=5ss, up  t o  the  
Iss t ,  a r r  mattsrs of s r i t h m t i s  o r  a l ~ 3 b r s .  In 
ths l a s t  stsp :V$ 3issovw Li12 l i m i l i n ;  v s l u =  b y  
i n s p e s t i o n  i f  possi3le,. 1'0 .rr~k3th i s  P G < ; S ~ S ~ ?  

i t  i s  u s u a l l y  nessssary So 3 th3 i i f -
f'srenm q u o t i r n t  t o  su:h a t ' o r :~ti:at ~ n f i n i t = s -
imal f a c t o ~ s  Qay 5 9  rsmov+5 fi-013 numratcr and 
isnominator. In t b a  sa;s cC ?(X) = b i n  x [ p a ~ v  

241 and f ( x )  = 10) X, E d a i l  591 urrusi~il.izvizes 
ir* n.=zsssary  i n  th.s l i - i t - c ~ ~ c i n :  s t sp ,  d i t h  
tha slniplsr alg25rai .z  f u n s  t i o m ,  r=iiust i o n  t o  
lonrsst t.vrn;s, CJL t o  zorrl crri 13:!0!E~l!:=to?, o r  (is 
i n  prob  , i / page  6)  r a t i o n a l i z i n g  anumerator is 
ni=lpfo l  . 



LIMITS: i f  e x p r e s s i o n s  l i k v  a+E, ae, a ( . b + ~ ) ,  
( a+&)xb-&) , ' e t c ,  occur ,  i n  which E i s  t o  ap-

L i m i t  may d v  roun :~proach z e r o  as a l i n i t ,  t h ~  
b y  i n s p e c t i o n ,  by c o n s i d v r i n ?  E t o  a c t u a l l y  jj-
come Zero i n  t h v  g iven  e x p i ~ s s i o n ,  Cd3VIl2?2 so 
doing does  not  l ~ a dt o  z zsro-dvno'iiiriator.  r'ihen 
t h e  e f f e c t  of p u t t i n g  E ,  o r  an inc rea= i l t ,  A x ,  o r  
o t h e r  q u a n t i t y  e q u a l  t o  z c r o  i s  t o  n2K5 a de-
riominator vanish ,  s p z c i a l  p r = c a u t i o n s  l a u s t  b 2  
takvn,  a s  reducing t o  l o v ~ v s t  t = i - m ,  y t v ,  

Itt t h e  C a l c u l u s  xte a r c  :.zot c r i ~ i c e r ~ r c d  ~i l , ' zn t t y  
f r a c t i o n s  m h o s e  d e n o m i n ~ , t o r s  a c l u a l l y  b e c o v d e  
z e r o ,  b u t  c o n t i u u a l  l y  ; ~ i t h  f r a c t  i o t ~ s  , s h o s e  L i m -
i t s  a r e  s o u @ t  mhen  t h e  d e n o 8 n - l t : n L o r s  n@$roaclr.  
z e r o .  

AIUL'X?~\I ' I ' :  v z r i t ? o l a  t , ~ o u s i i to i  as c o n t r o l l i i i i  
t h e  v a l u e  of anothvr  v s r i r j l u .  

FUiU'2'FION: a q u a n t i t y  r,:lcsc v 2 l u 5  i i c  \ c o n t r o l l  s i  
8 y  a n o t h e r .  

1;'133i3?tEWS:,correspondin;  c'nsriq6s i n  t h e  v a l u d s  
O E  i n t z rdependvn t  v a r i a b l ; ~ .  
DIPFXRXXCY QdOrI R N  i': q u o t i a n  t  G E  c o r r e s p o n d i n ?  
inc rv f f l sn t s .  I t  i n e a s u r e s  t h e  AVERAGE: R A T E  o f  
i n c r e a s e  o f  o n s  v a r i a b l e  + e r  u t t i t  i n c r e a s e  i n  
t Ire ' o  t h e r ,  
DEKIVAI'IVS: l i m i t  of  a d i l f e r e n c z  q u o t i v n t  wnen 

t n v  inc rvx :n t s , approach  z e r 3  as a L i m i t .  I t  
m e a s u r e s  t h e  EXACT R A Y 6  o f  i n c r e a s e  o f  o n e  
v a r i a b l e  $ e r  u n i t  i n c r e a s e  i n  t l t e  o t h e r .  

INFINITSSIXAL~:a v a r i a b l v  approzch ing  Zero a s  a 
l i n i i t  . 



I n  t h e  f o l l o w i r r q  c a s e s  f i n d  f f . f t ) ,  t a k i t t g  t h e  
s t e O s  i n d i c a t e d  , a t  t , + e  t o $  of Page  r r .  T h i s  i s  
c a L t s d  ' f i n d i n $  t h e  d e r i v a t i v e  b y  t h e  FULL P R O -
CESS. " 

NOTd on DlVISlON BY ZERO. Since d iv i s ion  i s  
t h e  inve r se  O E  s u l t i p l i c a t i o n ,  the reason why 4 
= 12+3 i s  t na t  3x4  = 12.  rested i n  Chis way any 
d i v i s i o n  8y zvro i s  found t o  bs absur3. For i f  
me ask (ivhat?) = lS+O, no answvr can be j u s t i -
f i e d ,  s ince  cannot Ravz (quotient)xO = 12, 
such a product b ~ i n ?  alway; zero.  knd i f  me ask 
( i~hat '?)= 0+0, no ' p o r t i c u l a r  ansvvvr i s  any oet-
t e r  than any otn-3r since (a*ny quotient)xO = 0. 
I ~ U Sd i v i s i o n  o y  Zero ; i t h e r  furn ishes  no pos-
sibl:: quot i sn t ,  or 110 p a r t i c u l a r  quot ien t ,  and 
s o  zvro may not properly be  uszd t o  di.vi.de Dy. 

Very d i f f s r e n t  ' xic the  c a s r  of d iv i s ion  by an 
i n f i n i t e s i m a l ,  r n e  quot icn t  i n  Lhis c a s e  may De 
an i n f i n i t e ,  another i n f i n i t v s i n a l ,  o r  a f i n i t s  
nuniber according t o  wnat the d i v i d e n d  i s .  ( 2 r e  
pa2es 15 and 16.) 



DIFFERENP ISLS 

T b e  prime added t o  a f  uns t iona l  symbol msans 
t b a t  t he  d e r i v a t i v e  of t he  funz t ion  t v i t h  rs-
s p r s t  t o  i t s  own argtment has bsen t aksn .  i'hus 
if y=f (X ) ,  f ' ( X )  meang LIUIr[Ay/Ax], If y a l s o  
d o p e d s  on t ,  so  t h a t  y=,cp(t), v t ( t )  msans sim-
i l s r l y  L I M I ~ [ A ~ / A ~ ] . i'ihus t h r  speed oof s f a l l -
ing 5ody may be ragarded a s  dvpending 5 i t h e r  on 

i tt h e  tims or  t he  d i s t a n ~ s ~  nas f a l l s n ,  v=32t, 
or  v=Ws,  I n  t he  symbol f o r  the  d3 r iva t iv3 ,  tne  
argument i.s: sornetim3s ornittgd when no ambisuity 
r a s u l t s ,  so  t h a t  i n s t ead  of f ' ( X )  arid rp f ( t ) ,  f  
and Q' a r e  wri t tvn,  or w e n  y t .  

Ambiguiti2s a r s  avoided i n  Lhs d i f  f w s n t i a l  
n o t a t i o n ,  The use of 3 i f f s r s n t i a l s  a l s o  f a s i l i -  
t o t e s  tb9  process of ob ta in in?  d e r i v a t i v e s ,  and 
snab le s  us t o  r e p l a w  the  FULL FROCESS b y  a 
ssheme morb e a s i l y  a w l i &  t o  sompl i sa t e l  funs- 
t ions .  

Po devalop t he id4a of DIFFEAENTIALS R e  must 
t smporar i ly  introdus; t ha  idea  of an IhDEFEN-
OENF VARIABLE. If  ns a r s  i s a l i n g  wi tn  a qroup 
of interdepsndent  v a i i a b l s s ,  each of t h m  i s  
c o n t r o l h d  Sy any otner ,  a s  t h s  spass ,  s p s d ,  
and time i n  t h s  problem of th t :  f a l l i n g  50.3~-
or  t b s  two legs ,  area ,  an3 p2rimetsr  of s r i gh t .  
t r i a n g l e  wit h a  cons tan t  hypot hsnuss. We may 
add t o  t h i s  group of v a r i a b l e s  a  v a r i a b l e  wnich 
w 3  w i l l  r ep re s sn t  b y  t h e  l e t t e r  nqu, about 
which we make no assumption except t b a t  i t  
s h a l l  Se s o  interdepsndent  with the  o t h s r s  i n  
t he grovp t hat i t  may b r  regarded a s  varying 



bs a l s a y s  $qua1 t o  o n e  o f  t b s  u a r i a b l s s  acfrsady 
p r e s s n t  i n  t h 3  2 r o u p .  

T h  i n c r e r n s n t  o f  t h i s  v a r i a b l e  s h a l l  oe treat-
$Ci i n  a spscia l  Lanngr i n  t h i i  r s 3 p 9 c t :  

Phe i n s r e m e n t  of t hs i n d e p e n d e n t  v a r i a b l e ,  q, 
s h a l l  b e  d e n o t e d  b y  "dq" ( i n s t e a d  of b y  " ~ q " )  
whenever  i t  j s i n f i n i t s s i m a l  , 

l n s r e m s n t s  OE t h s  o t n s r  var iao l s s  may Se rx-
p r 3 s s d  ( a s  i n  t h s  F u l l  F r o s s s s  f o r  a $ r i v a t i v s c )  
i n  terns 0f  3q, 2nd iq b s i n g  i n f i n i t U s i m a l ,  
q i L 1  m a m  a l l  tb;  othsr i n c r s m 5 n t s  i n f i n i t e s i -  
mal t o o .  These o t h w  i n f i a i f u s i m a l s  hav2 o f t s n  
vrsry s o r u p l i c a t e d  f orms, s v s n  i n  Sass of  s u c h  
s i m p l e  f  u n s t i o n s  as t h o s s  o n  pazr 13. I t  i s  
poss ib l s  t o  re9lace t h e m  b y  sim$ler q u a n t i t i s s  
arid s t i l l  g s t  t h e  same r s s u l t s  i n  imfiortumt B$-

f i l i c a t i o s s  invelving l i a i t s .  Yh9ss  s i m p i s r  
a u a n t i t i s s  a re  s a l l 5 d  l i f f  w e n t  i a l s  . Bsf o r v  de-
f j n i n g  thsm mor2 a s s u r a t s l y  i t  i s  n J s g s s a r y  t o  
s o n s i d v r  c o x  i ' u r tnv r  f a s t s  maut i n f  i a i t 3 c i -
rnals. (Sse d d i n i t i o n  on p a g s  12) 



the quan t i ty  
5+x + 2x2dq - JE dq4 + 3(x+ l )dq"  

dqP we ob t a in  

of ivhich the f i r s  t two a r e  i n f i n i t e s ,  the th i rd  
f i n i t e ,  and the l a s t  i n f i n i t e s i m a l .  Hence the 
f i r s t  tao terms a t  the top of the page were of 
lovier order than second, the next was of second 
o d e r  and the l a s t  was of higher order .  

This method of t s s t i n g  by d i v i s i o n  i s  neces-
sa ry  kthen dq does not appear as an e x p i i c i t  
f ac tor ,  as  i n  case  of the three  notable  uxpres- 
s ions :

s i n  dq, i - c o s  (dq ), dq-sin(iiq) 
~ h i c ha rv  r s spec t ive ly  of the f i r s t ,  second, 
and th i rd  ord2rs,  as  mag Oe shcnn as follows: 

sin(;iq)/dq is a. f i n i t 3  quanl,il;y s ince  i t  ap-
proacl12s 1 as  a l imit , - thv enzle i n  radian 
measurs and. the s ine  beind moru and rrore n e a r l s  
equal the smal l e r  the angie. 

(1-cos dq)/dq2 i s  a f i n i t e  quan t i ty  s ince  the 
half-anqle forrnula transforrcs i t  to  

the l i m i t  of vihich i s  1/2.C -
Usine t h e  forrnbla sln 3 A  = 3 sin A - 4 

t p e  t h r r d  may be  x o r k c d  o u t  i i l c l i r e c t l y .  Z r  orn 
tiiis P o r m u l a  we g e t  t h c  i d e n t i i t y :  

d q  - ain d ~  3 dq - sin 3 d q
= ,3* 

d a d  (sW" 
If Pie l e t  !Lr1 r e ~ r c s z f i t  t h e  l i m i t  of t h e  P L r s t  
f r a c t i o r ,  : ~ twill a l s o  p e p r c s o n t  i;ho l i i n i t  of 
t h o  middio f r + t . ~ o n ,  ai.3 oq t a k i a g  1ia;~i;sI!IC 
~ o tt h c  e q u a t i o ~  

L = a L  - 4/3 



I 

and s i n o e  t h i s  q i v e s  L = 1/6, t h e  first frao-
t i o n  i~ a f i n i t e  q u a n t l t y .  

J e  nos? l a y  down tnesv d e f i n i t i o n s : ,  
l'he d i f  f e r e n t i a l ,  d q ,  of t t e  INDEPENDENT var i -  

able ,  q, i s  an i n f i n i t u s i m a l  increment added t o  
i t .  

rhe d i f f e r e n t i a l  of a DEPEI\JDEN0I' var iab le ,  as  
y, i s  t h a t  p a r t  of the  i n f i n i t e s i m a l  Ay t h a t  i s  
01 the  same order  as dq. I t  i s  denoted o y  "dy". 

When ~ l q  5 infinitesimal I t  i s  thc same a s  Cq
b u t  ahen i s  i n P i n i t o e i m a l  i t  may diPPer 
P r o m  d y  b y  ~ n f i n i t e s i a a l aof hi2hor order .  

1'0 f ind  tne f i r s t  orcier term of Ay, dividv Ay 
b y  d q  an? take the l i j n i t  of  thz quot ien t  as the 
i n f i n i t e s i m a l  dq approachvs Zero as  a l i m i t .  In 
t h i s  process a l l  terms oP higher order  disap-
pear, leaving only what  was the  c o e f f i c i e n t  of 
dq i n  t h s  f i r s t  order  term of t n e  increment b y ,  

Ne havv then 
dy = [Lin! Ay/cln]  dq ,  dx=.[Lim Ax/dq]dq, e t c .  

i'hree i ~ p o r t a n t  deductions from these  are: ,  

-- L.I!I: /~x /dq 

Hence t h e  l i m i t  of a differente quotient  i s  t n e  
q u o t i a n t  of the  corresoonding d i f f e r e n t i a l s  



whvther tbu independent var iabls  i s  iavolved i n  
the  denominator, i n  t he numerator, or n o t  a t  
a l l  Accordingly t be distincticrn bstw2en rlspsn-
dant and in3epsmisat variable w h i c h  ivas made i n  
tha case of insr$msnts (page 17)  may b 3  droppd 
e n t i r e l y  when dealinq P i t h  3 i f f z r$n t i a l s ,  as 
; y i l E  usually 5 2  ths Gas3 hsrsaf ter .  "N may now 
make t h i s  gsnsral statsmsnt:, 

T h e  Limit of the differente quotient of any 
t a o  interde$endent variables i s  t h e  q u o t i e n t  of 
t h g i r  differentiuLs. In sytnboLs: 

OM d l  
Limit 1 1 ~= -du 

Note t b a t  the d i f f e r e n t i a l s  a r a  not t h e  l i m i t s  
of tho i n o r e m e n t s  but t h e i r  rat50 is tho.limit 
of! t h o  r s t i o  of the ~ n o r e m e n t s .  The l i m l t s  OP 
saah  ino remea t  ie Zero. 

io f i n d  t h 3  i i i f f 5 r s n t i s l  oT s L u n s t i o n ,  y=f (X): 
r h 5  runstion !csy 53 r2prssunts.j. i n  s i t h z r  qay--

2 ,  357 3 .i1'a3ls, O i ~ i d st k  535ular  i i ff?,rsn-,? 
Sy tns  i n L ? r v s l  S;:J;ss-?,n s r $ i l ~ s r t s  snj i n u l t i ~ l y  
t h :  r $ c u l t  3 y  L>: i i i f j ~ 2 rL i 2 1  or' ar?uii,r.rt ,  

r h i s  z i l l  5s s o r r s t  t o  as g a n y  Sl3iIFICA;Q 
FIJUSES as t h 2  sus23ssi rs tabulsr  3 i f  f r runsrs  



- ----- -- 

zhanzss i n  f h r  s r z u m n t  Isss t h a n  t n 2  i n t 3 r v a l  
of  tRs t a b l r  t h 2  r a t e  of = h a n g e  of t n 3  f u n s t i o n  
i c  r o n s t a n t  t o  a s  mzny s i g n i f i s a n t  f i g u r 3 s  as  
a p p = a r  s o n s t a n i  i n  t n 2  s u c s ~ s s i v ~  t a b o l a r  d i f -
f 2 r ; a s = s ,  t ,=nza 

t a b  u l a r  d i f  f 2 r s n s r  
~ 1 : ~ :A Y ~ A X= AYI'AX = i n t z r v a l  

f = r $ n t i a l  of t h s  a r j o r n r n t  
f n u s  f r o m  s h i s  '2513: 

,Y5 s2t  

3. 3 r a p h i s a i l y .  Draw th.; s u r v ?  y=,f (X) arid 
m 2 a s u r s  r is2 a n i  r u n  of a piszy of the, t a n g s n t  
al; i :>3  :Gn:irn?J ; ~ L t t f F - ,513CS of t h i s  

t tzn<vt!t (=LLS;/LUK) snri a u l ~ i p l yt 3 i s  rssult 5 y 



Of what order  a r e  these  inf  i n i t e s i m a l s :  

1. (1 + dq)= -1 2 .  dq[dq - s i n  dql 
3.  3 ( 1  - dq)' - 2 ( 1  - dq)' - 1. 
4 .  Nhat is the  lirnit of h * .k+ Av-- + ( A v ) ~ 'av A ~ V  AW 

5. If y = 3x3 f i n d  dy a n a l y t i c a l l y .  
6. Find dy g raph ica l ly  f o r  when n = -1. 
7, Using t a b l e s  of sq.  roo t s  f i n d  dJx when x=9,

* 
k
8. A z a v a r i a b l e  area, always Square, 

c o n t r o l l e d  by the  s i d e  X. S h o ~t h a t  dA f 
= a rea  of t h e  two shaded s t r i p s .  K 

i. 

V .  Vzq(r)z volume of sphere, rad ius  r: Find dV. 
10. Find dy when X=.% and y = l o g , ~ x .  
11. P and !J a r e  poin ts  of curve ~ F ( x ) ,  
PT a tangent,  PR hor izonta l ,  and QTH 
v 5 r t i c a l .  Show t h a t  wnen PR=dx, R P d y .  
1 2 ,  Find d ( l /x)  when x = 5 ,  Use rec ip roca l  t a b l e .  
13. Sa f  ( h ) ~  area  of a c r o s s  sec t ion  of &\egIh 
E ziven cone (note  dimensions) .'rhe sec- ...... . i 

t i o n  i s  p a r a l l e l  t o  the  base and a t  a <--.----35f1 
d i s t a n c e  h (va r i ab le )  from the  ver tex .  Find dS. 

14 .  I f  A= the  shaded AREA swept over oy t he  or-
d i n a t e  of a  point  P ~ o v i n g  along a 
curve  y = f  (X),  show t h a t  i f  kB=dx, 
t h e n  AA d i f f e r s  frum dA bg t he  3-
cornered piece,  PQR. 

16 .  Of what order  i s  the d i f fv rence  Detween the 
tivo areas:-  

a: t h e  ring bcttieen two concent r ic  c i r c l s s  
whose r a d i i  d i f f v r  Dy dq. 

b: a r ec t anz le  a s  long a s  the  inner  circumfer- 
ence of the  r ing and of width dq. 

I 



DIFFERBM f IAL FORRULAS 

I n  t h e  f o l l o w i n g  f o r ~ x u l a s t k c  L e t t e r  C d c n o t e s  
a CONSTAEIT,  aL L o t h e r  L e t t c r s  b e i n q  V A B I l 3 L E S .  
T h e s e  s i x  f o r m u l a s  ancl t h c i r  f o u r  s p e c i a l  c a s e s  
s i L l  b e  r e f e r r e d  t o  b y  t h e  n a m c s  i n d i c a t e d .  

1. Constant d[c] = 0 
2. Surr! I [ u + v j  = d u  + dv 
3. Cons tan t  fac tor  d[cv ]  = c0dv 

6. Sine  j [ s i n  81 = cos V*dS 
6 ' .  Sosine :i[cos 51 = - s i n  a 6 d 8  

t 

So prove  the s ix  rrain forniulas, the F13LL ERG-
CESS f o r  finding a derivativ2 (see page 13) i s  
employed. l h e  derivative i s  then w r i t t e n  i n  the 
d i f f e r e n t i a l  form and s o l v e d  f o r  the required 
d i f f e r e n t i a l .  fhe s t e p s  i n  detail are:  
A.  Indapenden! v a ~ i w b l o ,  q ,  bcoomee q f  dq.
B. C o r r c s p o n d i n g  i n o r o m e n t s  s rc  a d d e d  t o  e a c h  

v a r i a b l e  i 5  t h e  P u n c t i o n .  
C.  I n c r e r n s n t  o f  t h e  P u m t  ~ o n  f o u c d  b y  s u b t r a o t -

i n g  g i v e n  f  u n o t i o n  f r o m  augmonted f u n c t i o n ,  
9. D + P f e r c n c c  q u o t + o n t  f o u n 3  b d i v i d i n d  b dq.
E. D i f  f e r o n c o  q u o t ~ e n t~'~?AEB?OK!.~*:Dio hha% the 

l i m i t  msy b e  f o u n d  D Y  i n s  o s t i o n .  
B .  P a a s i n g  t a  L I M I T $ ,  u v o ~ yd i g f c , o i c e  q a o t i e c t

b c o o n e s  s q u o t  sent or" d i f  f  o r c ~ ~ t i a l s ,  and  
t h o  e x t r a  i n o r o m e 2 t s  d i s a p p e a r .

G. M u l t i p l y  b y  i q .  



I n  t h i s  prossss ,  tns s t%prequi r ing  i n g s n u i t y  
is "F", and t h z  s t u d s n t  snould tskr r a r 5  t o  
l e a r n sswr a l  dsv i z 5 s  r n p l o y s d  f o r  t his . 

,X2. liv3 O ( U + V )=. Au+hv. D, E,  b(u+v ) /d9  
= hu/dq + Av/dq'. F, d ( u + v )  =. du/dq + .Iv/dq. And 
2 ,  J ~ u + J )-: du + dv. 

2'0 a+$Ly t h i s  forwula, w i t e  t h e  d i f f e r e n t i a l  
o f  e a c h  t e r m  i n  a sum und a d d  t h e  r e s u l t s .  

:3. i:,d,'J z j i v l j  A ( s v )  =. s 4 Q v .  U,E, ,l h ( s r v ) / d q  =, 
o, ( ~ v / r i q )+ P, d (SV )/dq =, r (Liv/dq). 2, i (SV )=C' d v  

To a p $ l y  t h i s  formula, w i t e  t h e  d i f f e r e l t t i a l  
of  t h e  v a r i a b l e  f a c t o r  a n d  auLtip2y t h e  r e s u l t  
b y  t h e  c o n s t a t ~ t  f o c t o r .  

rh i s  fo rzu ia  s lso h o l i s  a h n  2 is not  a posi-
t i v e  ivh0.i~: num33r, fo r  SXBRIFIS:,vhon n, i s  z j ro ,  
a f r a s t i o n ,  or s n 2 9 a t i v 2  nurijosr, ' I t  : ~ o l d s  
whatsver constant the  3 x p o w n t  msy 5 2 .  

o=O: The f o r ~ u l a  h q l d s  booause  B~=Iand  b y  #1 



I n  a p $ t y i n , q  t h g n  f o r m u l a  i t  i s  b e s t  t o  s e t  
down t h s  t h r e s  f a c t o r s  i n  t h i s  o r d e r :  ~ i v r nex-
p o u e n t ,  BASE ietith o t d  e x $ o n s n t  minus  o n e ,  dif-
f e r e n t i a l  o f  bnse. 

T h s  d i f f e r e n t i a l  o f  b a s e  a u s &  n o t  b e  omitted! 

5. A,B,C g i v e  ~ ( F * s )= (F+~F)(s+~s) - F'S 
r = t- ,j*hF + bIj'.,13 

D, E, h(Fas)/dq = F . A s / : ~ ~+ s 0 ~ F / d q+ 3F'AS/dq 
E', d ( F o S ) / d q  = F.dS/dq + ~.ci$/dcj + 0 .d3/dq 
G, d ( F . 9 )  = F - d S  + S a d F  

To a $ $ l y  t h i a  f o r m u l a ,  : * r i t e  t h e  two  v a r i a b l e  
f a c t o r s  m i t h  a good ?ab b e t w e e s ,  m u L t i P L y  e a c h  
b y  t h e  d i f f e r e n t i a l  o f  t h e  ~ t h e r ,und czdd t h e s e  
t wo f i r o d u c t  s. 

N o t e  Ehat t h i s  f o r m u l a  $ r o d u c e s  t a o  t e r n s  
f r o m  o n s ,  i n  m h i c h  i t  d i f f e r s  f rom f h e  o t h e r s .  



6. A, B,C give  A[sin 31 = s i n ( 3 i ~ e )  - s i n ( 3 )  
g,  ( t ransforn inz ,  oefore  d i v i d i q  by dq) i v e s  

* [ s in  3 )  = sin({9+&~a}+&~3)-sin({a+$b3 l h 9 )  
= 2 . ~ 0 s  (9+heP  s i n ( 8 ~ 3 )  

4 
= cos ( e + $ ~ 3  I *  sin(hh3 

-- 
F, d [ s i n  31/dq = cos 3 1 d8/dq 
G,  d [ s i n  81 = cos 9 da 

Note: F'orsulas 6 and 6 '  hold only when A a  and 
d3 a r e  mcasured i n  RADIAES. For then only can 
W:: s a y  t h a t  tne limit of ~ i n ( ~ ~ / , h e ) + - ~ ~ A a  i s  one. 

If h3 i s  neasured i n  degrees t h i s  l i m i t  i s  
d l d C  or  .0174+, and the  formulas w i l l  then be 

f l  d s i n  8 = cosa*- 
160 

d cos 0 = -sine*'- 
180 

aecause of the  inconvenience of the  m u l t i p l i e r  
n 4 3 0 ,  wc avoid using degrse measure i n  connec- 
t i o n  w i t h  d i f f e r e n t i a t i o n .  Throu~hout  t h i s  BOCK 
( 2 ;  i n  o ther  books on the  Y a ~ , c u l u s j  i t  i s  t o  b e  
understood t h a t  when no u n i  t s  arv indica ted  
angles  a r e  rneasured i n  rad ians .  

To a p $ L y  6 artd 6 ' ,  @ r i t e  t h e  C O - f u t t c t i o r t ,  atrd 
f n t s L t i # L y  i t  b y  t h e  d i f f e r e u t i c t L  o f  t h e  a n g l e ,  
and p r e f i x  a m i n u s  s iqn  i f  d i f f e r e t a t i a t i n c  a 
c o s i n e .  i o t e  t h a t  c o s i w e  1,I:CRhASES i r t  Q x n d .  T .  



1. Fr03 5 g e t  a formula  f o r  d(uvw) t a k i n g  i t  a s  
(uv)w a t  f i r s t .  
2 .  From 5'  g e t  a formula  f o r  d(c/x)  and check 
by g e t t i n g  t h e  Same from 3 and 4 ' ,  
3 ,  Do t h e  Same f o r  d(x/c), and check uy 3.  
4. From 4 get a formula  f o r  d (I/&) 
5 From e1,6 ,  6 '  g e t  a formula  f o r  d f t a n  31.  
6 ,  Provv 4 '  by t h e  F u l l  P rocess ,  not us ing  4 ,  
7 .  Frovs 4" by the F u l l  P rocess ,  no t  us ing  4 .  

U. Nork o u t  ~ i [ B - ~ lby t r e a t i n j  i t  as d [  {13m]and 
assuming the f ormula d[1/3] = - d B / ~ 2 .  B 

L 

9, Get 6' by us ing  4 and 6 on ~ i n ~ 3 + c o s ~ ~ 9 = 1 .  
10. Gei t  6' b y  using 4 on tose = ~ l - s i n ~ 0 ) ~ z  

Using formulds  1 ... G f ,  g ~ d i f f e r e n t i a l s  of:t 
11. 2xP 1 7 .  23. 4+x2 29. s i n  3x  
1 2 .  3xy 18. x2+y2 24. ~ ~ ( ~ 4 - 1 )30. c o s ( d 2 )  
13 (2x+1)" 19, fi 2 5 ,  s i n 2 x  31, X *  s i n  X 

14. -x + l  20,- 3 , 2 6 .  $ 32 .  s i n  X 
Y X XP 

15. x3 21. xJX 27. J c o s  X' 33, x * c o s  X 

1 6 .  X-cos0 22 Y-sinY 28. ( l + x 2 ) '  34,  (I-X)' 
5 D i f f e r e n t i a t e  t h e s e  e q u a t i o n s  a s  t n e y  s t a n d  

and solv-e f o r  dy/dx i n  zach c a s e  
35. xP+y2=25 (-x/y) 38. y2=4x (24) 
30. xy = 1 (-Y/X) 39, 2x-3y=4 (2/3 ) 
37. x2+y2=.z2 40. s i n  y = X 

dl= (z& - 2 )
dx Y clx Y dx 



i n s t a n t a n e o u s * r a t s  a t  t h 9  i n s t a n t  t n2 i n t 2 r v a l  
s h r i n k s  down upon. H2ncz dy/dx,  thz limit of 
h y / ~ x ,  g i v 5 s  t h e  sxas t  or i n s t a n t a n e o u s  r a t 2  oZ 
i n v r s a s a  i n  y psc u n i t  incrsas3  i n  X. 

I'hs a s t u a l  i n s r s a c 3  of a q u a n t i t y  i n  a s i v 2 n  
i n t t ? r v a l  i s  found b y  cubi ,rs=Lioc:  = i s i j r  v a l u ?  
g i n u s  f orner valus . 

r h s  av3ra35 r of in;r$as3 of s q ~ ~ l n t i f >  
p P r  u n i t  in-,r5!as; i r i  so:aj ssconll i s  
founci Sy j i v i d i n l  thr: insr2as.j  i r !  t h ~ ,i i r s t  



by t h e  increase in the secoad. 
Tbe instantaneous r a t e  of inarease of a quan-

t i  t y  per u n i  t inoreasa i n  some seconci quan Li ty 
f s dound b y  d i v i d i n g  t h e  differential of tne 
firat by the dif ferent ia l  of the >+econd. 

In the case o f  a ciecreasing q u a n t i t y ,  t h e  in-
cresse, and tne sverage and instantaneous r a t e s  
w i l l  a l l  be  neqativv. 

1. A f r e e l y  f a l l i n g  boay f a l l s  16tP f'eet in t 
saconds. t ' ind oy div i s ion  iLs average speed 
during t h i s  time ( L  sec.) nnd 8y l i f f e r e n t i a -
t i o n  i t s  sxact speed a t  r,he end of this Live. 

16t, 32 t  ft .ser .sxlc, 

2 .  fhe zurve y=J+x3 risvs f r o x  y=3 t o  p,2 as X 
r u n n  from x=G t o  x=1. F i n d  tht: avxrag:: r i s e  p s r  
u n i t  of 1.011, ans the exact s l o ~ sa t  t,ns tno :Ir2 

p o i n t s .  1, 0, 3 
3. 'i'he numoer  of gal ons f e d  into a reservcir  
a t  tnn end of tbe y t i  nour be in :  r i v - n  s o p r ~ x i -
rnately b v  the  formula 

d =, 30,000 y - 4,OOC dy 
f i n d  t h z  a v ~ r a q eaaouiit r ed  i n  ~ u r i n gt h z  f i r s t  
t e n  hours, ana the rate of flo;: a t  ths  end o f  
t h e  f i f t n  hour 407%; OB, 1% $als ,  per br 
4. As tbe c i A e  rises a barg.: ~ e i s h i n g5,QOO Ibs 
is. gradual ly  raised,  i t s  n e i g n t  2oove 10.) w t e r  
Levsl o s i n g  i n  f s e t  k = 15(1-cos$n), ri oeing 
t k v  n u o o e r  ol nours since the tidv turnzd to 
r i s s ,  anJ 17/2 a nurm2r of  railians i n  Ln3 angle 
~ h o c ecos ine  i c  i l ivolvv i i n  the foraula. F ind  
tlie nuimsr of f'1. lbs. o i  leork done o y  t h e  t ide  



i n  L i f t i t g  this Darge i n  tbe f i r s t  3 hrs., i n  
the  f i r s t  6 hrs.< i n  t na  first h nrs, and t h e  
poivvr expanded i n  l i f  t i n g  i t  a t  t be and ot' t h e  
i irst,  three aod tne f i r r t  s i x  nours. 

69800, 149000, '75003(1-~os.$h) f t . ibt; 
.374C>Ci, 5220 f L, los .per sec 

5 .  4 p o i n t  aoves alrrn$ w, ~ i r s  SO Lihdt i t s  dis-
tance f r o a  t h e  s t a r t i ~ l i ,p o i a t ,  X crcb, i s  g i v e n  
in terma of the  t i m  eiapsed,  t stx., oy t h e  
f orrrnuLa X = 3 t a  - 2~ 
34 t a f n  oy aifferontiation f ~ r n u l a s  Por i i s  
speed anci accslerabion. $ in - I  t k e  uis tance ~ o v e i i  
a:rcl tsie s p v w  2ai.nad Setv!een t=2 and t=2, anci 
Ciie wuelea'atior, a% thr33r: i m tants. 19 flt. 

27 f c ./sec., 18, 36 f t . pe r  sec. m r  scc,  

J.  lir:-: a'raurit of work Sone o,i Lriz shaar  oazi; 3 f  

a ; I L ~ L G I L  is i i v e o  i n  T c .  los. f o r  tile E i r s ~X 



seconds of the s t rokv  i o  q i m n  approximately o y  
r =  formula W = w ~ s d n + 9- 11. 
Hovr much wbrk is done in the first t e n t h  ul  a 
second? #hat i s  t h e  averag power during i h i s  
kirne? gvhat is t h e  power a t  the b e g i n n i n g  snd 
end of t h i s  time? 42-46 f t .los. 

424.6, 440.0, 407.6 ft.lbs.per sec. 
l O . P h e  distance af a pendulum from t t s  central 
position is  g i v e n  in inches by the formula 

2.s i n ( 6 t )  
where b msasures the number  of secods e l a p s d .  
Hos far d o e ~th2 pendulum move in the f i r sk  U5 
af  a second? iri.t,h \%hat= aoerage s p e d  does i k  
move? $.hat  are the instsntaneous speeds ab tha  
o s g i n i a i n q ,  a i d a b ,  and and of tbis 3./a sec,? 

1.862 i a .  9.31, 12.00, 9.90, 4,37 f .dsec 
11. Ehe s eed af t h e  psndulum in $9 above is 
12'com(5t7 ~ U . ! S X ~  hhy? F i n d  the whole l a s s  uf 
speed d u ~ i n gthe  f i r s t  1/5 sec, and  t h e  fnstan-
taneoua rares a t  x h i c h  speed i~ n e i n g  lost 
(aecskarations) aB tne beginniag and end  of tae  
t ihm in qarsskion. 7.63 i d sec ,  0, 67.06 in/sec2 
12. Supposo - b i s  formula e m o d i o s  the t.iri?etable 
of a Cranscaa t insnta i  train, BI a3ir .g tm numoes 
o i  ~ i l e stravelled i n  the first h h n u r s ,  

m = dC h + .~OlS(h-lo)~. 
Find t h e  distance travelled in 24 hours,  t b e  
average speea, t b e  spaed at tne start ( n = ~ ) ,  at 
the end of 12 urs., ard ab t h e  ond of 24 h r s .  

777.6 miles, 32.40, 24.80, &),Os, 46-46 mi/nr 
13. F i n d  the s l o p e  of tize curve y = x ' s i n  X eb 
ti,e points a;!Dere X+, x = d 2 ,  X=%. 0, +Ip-3Yq 
Prove: s c e l s r a t i o n  s c o n s t a ~ tnhen distance i s  
14. i c . ( t i ~ ) ~ .  15. k ' - ( ~ p u e d ) ~ .  



8EMOKIZE thoro ly  t h e  formulas on page 2i.Take 
no step thst eaonot be .justifi~db v  one of t h e m .  

RESULTS should always be s i m p l i f i e d ,  and 9x-
pressed i n  a form sirnilar t o  the given form so 
f a r  as possible, 

FKACILOWS, N/O, in w h i c h  a i thar  k? o r  D i s  a 
c o n s t a n t  s h o u l d  0 3  t rsated oy tns  Constant F-6-
kor rule, 3.  fr;at v l c  a s  ( l /c)v,  d v  BS c*v-' 

I f  N and D ar3 sums, (as i n  examples  2 and 31 
fol lowing)  uss t h s  F r a c t i o n  Rule, 5'.  

If e i t h e r  M or 9 i s  a powsr or  roo t  ehange t o  
the product form and use 5, f a c t o r i n g  as $X-
p l a i n e d  below, au3 c h a n g i n g  back to the frac-
t i o n a l  form, 

PHVOU'J'f;? s h o u l d  ~ ~ s u a l l ybe d i f f s r s n t i a t e d  b y  
t h e  Product  Hul2 ,  3 ,  rather than by m u l t i p l y -
in., o u t  a,nd diftvrvntiating by the Suix Rule. 
' fhe  result  can be uiorv easfly factored if the 
d i f f e r e n t i a t i o i l  is dons bg t h e  Produck Rule, 

If one or b o t h  Eactors are powers or roots, 
tha  rasult is a l n a y s  m s t  v a s i l y  s impl i f i ed  bg
fac to r ing  o u t  Ln; LY&W POBEHS. l i h u s  



The f a c t o r  i n  t he  Square brackvts ~ i l lalways 
=onta in  tbi FIKS'I' powers, since a "new" powzr, 
ob t a ined  by d i f f e r a n t i a t i o n ,  i s  always ONE LZSS 
than  t h e  "old"  one, mhicb appears i n  tns otner  
terrn. 

EQUAPIONS which i n v o l v e  two o r  mora va r iab les  
r,ay be d i f f e r e n t i a t e d  term b y  term, and tben  
solved f o r  the  requirvd d i f f e r e n t i a l .  Phus 

=ixPy=P 2 i v s s  Sx-dx 'y  + xg.dy 0, whence 
dy = -2x.y dx/xP = -2y dx/x 

= -2x"y d d x 3  = -2 d ~ / ~ a  

DRILL 

I n  e h e s s  ewaqjlrrs U ,  6 ,  C, n ; .c+~.eseal t  corss tants  

mird a l l  o E k w  Lsi t t ers  r c $ r c s e t c ! :  variables. R e -
caLL DIrat f ' (X) acatrs c l f  (x)/ax, P t ( y )  a e a t J s  
d ~ ( y ) / ~ y ,obc, / + a $ e  20). P i a d  t'he r l t f f s r e u ; i a Z  



15. t = sina6/cos3 d t  = sin3(2+tan20)de 

16. f(i3) 2 ( l - ~ o s s ) ~fl(0) = 2sin9(l-coa9)de 
17, Y = &? iy= -~/px*(l-x~)-% zx 
18. y = x(x8 + 5 ) ? ~  ~y = 5 ( x s + 1 ) * m  
13. y = x / d p x P  l y  = d x / ( l + x  n ) 4Q 

20. 20s X~ ( x )r X + - v l ( x )  = - c o t 2 x  
111 X 


i1. r = s in2i$T ir  = sin x - e x  
22, y = ( a + ~ ) ~ ( a - x ) ~  d y  = - 4 x ( a P - x q d x  
23. Q = X - s i n ( x ) c o s ( n )  dQ = 2 s i n P x  dx 

$ 1
24. !+(X) 5 AT- = - ,q* 
25. 2 - s i n P Y-cos2Y a %  = 2sici2Y.JY 
28. y = V 2  Xy - y dx/nx 

X+a2 7 .  x2+20xy+pP = b :y/cix = -2 
28. f ( x )  n X + ./W 

a x + y
fl(x) = f ( x )  i d w 

30. Y = 2/(1+xP) dy/dx = 4x/(1+xZ)
39. y = sin(n-X) dy/dt = cos x 0 i x / d  t 



[ i f f e r e n f i a t e  e u c h  of ti 'ze j o l 1 o : ~ i n q :  

46. x2(l+x)' ,56.zos x + s i n  k 

47. 1 / cos X 57. (I-sin X ) "  

48. ( s i n  x ) h - 58. i/(2;;-3) 2 

49. (x+2)/(2x+l) 59. (x2+x)/(x2-1) 

50. (X"-l)/RXI, (sin x)/x2 
61. (1-s in x)/cos X 61. ( x + l ) * c o s  X 
52. x P(l+x)/(l-X) 62. (2x+t )/(i-x ) 
52. /(X-a) (X-b ) 63. s i n 3 x  
54. n 2 * s i n  x 64, ? * s i n  9 * c o s  6 

55. ( I - x ) ~ *(1-x2) 65. J?- sin X 



A d e r i v a t i v e  of a function i s  i t s e a f  a f u n c -
t i o n  of the sams a r q u n ~ v n t  snd rriay i t se l f  05 
d i f  f e r a n t i a t v d ,  y i v l d i n j  :! "svcond derivative". 
Toast  abbravia t ions  ara an.aloyed f o r  indicatinq 
nigher d e r i v a t i v e s :  i f  y = f (X), 

dy/dx 5 f ' ( X )  
d[dv/dxl/dx s d2~/dx2 5 d[ff(x)f/dk z f l ' ( x )  

d[d2y/dx2]/dx a d 3 y / d ~ 3  I d [ f  "(x)l/dx I f i L ' ( x )  
e tc .  

When t he  nota t ion  r " ( x ) ,  f n ( x ) ,  u tc . ,  i s  used  
anj the "X" is r u p l x e d  b y  s o w  o t h e r  argument, 
~ r i vsy'inool nivans 

" f i r s t  d i f f v r e n t i a t e ,  tnvn  s u b s t i t u t z . "  
r ?I h u s ,  if y = f  (x)zx4 

dy/dxzfl(x)= 4x3 and f ' ( 2 )  = 4.z3 = 32. 
d2y/dx2~.f"(x)= 1 2 x Z  and f " ( 2 )  =l2.2' = 48. 

i'o f i nd  the  SLOPd of a curve, gzf ( X ) ,  f i n d  
fl(x) Dy diffsrentiation, and s u b s t i t u t o  f o r  x 
the valua of X a t  tns point  i n  ques t i on .  

I n  PLOI'TING a curve it i s  a grrat h e l p  t o  in -
d i c a t j  on the diagram the  slopa of t h e  curvo at 
oll easily p lo t t ed  poin ts .  

Thus y=x(x-1) crosses the X ax i s  
a t  x 4  and x = l  . dy/dx or f ' ( X )  is 
2x-1. S u b s t i t u t i n ;  x=O we ~ 3 t-1 




= s lope  so  the  curve  r u n s  45' down t o  tn3 r i< i l t  
a t  t he  o r i g i n :  from x=l we ge t  +l=sLope, so  thv 
curve runs 45' up t o  t h v  ' r i q h t  a t  (1 ,O) .  

Froa the  SECOND DERIVATIVE, ft'(x), ~ J F :  can 
g a t  h e l p  in p l o t t i n j  t h e  curve y=f ( X ) ,  For 

f "(X), b s i n g  d E f '  (x)l/dx, i s  d [ s lope l / lx  and so 
i t s  SIGN t s l l s  whather the s lope i s  

I Yr1(-L bdKASI E or  DEVREk S i bIC; 
Notz t h a t  vihvre t h e  curve i s  

I n  p l o t t i n g  a curv? i t  i s  e s p v c i a l l y  inpor t -
ant  t o  note on tne d iagras  a l l  po in ts  whers f ,  
f ', or P" a r s  zero.  lhe curvv can t hen  of ten b e  

lrawn in at oncu. Pnus y = xS-3x2: 
f (x)=xafx-31, y=O a t  x=O and x=3.$-+f ' (x)z3x(x-21, l e v e l s  a t  x 4 ,  x=3. 

fromfW(x)=O(x-11, chan-j: a t  ~ = l  
I - don~et o  8 0 ~ ~ 1shape -

rhe values  of y a r e  then found Eor a l l  thsse 



va luss  of X, and t h s  information r jpresented  on 
tne  diagram i n  t h v  mannvr snown, Phe curve may 
t h 2 n  bz drawn i n  e a s i l y ,  preferably w i t n  i n k  
or pvncil  of B d i f f v r s n t  c o l o r .  

F i ? i d  a u d  P l o t  t h e  p o i t r t s  a t  nhielz f ( x ) " o ,  f ' ( X )  

X ,  u n d  fO(x ) foo  L'>tdZcate t h e  o t o $ e  a t  e u c h  o f  
t i r e s e  + e i • â t t ,  a w i  t h e  shal le  ( ~ P P L  o r  dorne)  i f r  
t h e  v e r f i c a l  s t r i p s  b e t z e e n  them. 

1 *  ys(xa-3)P K y = x U 2  13. y=xa 
2. y = 4 x b 2 + 3 )  3 .  y=x4 - 3 2 ~  14. y=x8 
3. p x s - 3 ~ "  9. y=x4-x2+1 15 y2=x8 
4 ,  y= - ( 8 - ~ ) '  13. y=x3-4x 16. g=6xs+15xa 
5, y= sin x 11. y=l-cos X 17. y=cos2x 
6. pdk--l 12. y=sin2x 13. y=x6-1 

19. Y = X ~ - ~ X - + ~ ( X ~ - ~ )21. y = ( ~ + a > ~ . ( x - l )  

so. y = \ ~ - l ! ~ - ( ~ + 2 )  2.2. y = ( x + l ) (X-1) 

DIAGAAqS arv of very Q r e a t  u t i i i t y  I n  study-
ing  tri2 rslation bt t ivuen  interdspendmb duan-
t i t i s s .  I n  t n s  case of a p a i r  of $eometr ical ly 
r e l a t e d  q u a n t i t i t s  one f iqure  tnay show t ne  ac-
t u a l  space-rclation bvtw2vi l  tnarn: f r o ~such a 
f i g u r v  a s  aay cons t ruc t  2 formula for t h s  f u n c -
t i o n a l  r v l a t i o n  batween tha  q u a t t i t i e s s  then 
f ran  ~ h i sforaula  a S.3APH may be drawn which  
:.+ !I* S~ISPUt i i ~ru la t ion  ovtvaevo the  two quzt i t i -
t i e s  d i r e c t i y ,  for sxampi-Y' consider  t b e  case  
oP t n c  r i q h t  t r i a n g l e  considtred on pagzs 2 and 
*- > y ~ h i c n.wd i t s  nycothznuse ~ o n s t a n t l y  = 5 cic 



3n:1 ahoav A R K A  xas m n s i d e r 3 d  as a function o i  
i t s  t - k s j ~ ; .  I n  tnis casa wa nave t h t  folbowing: 

T n u  usc of t h s  slopc formuls i s  a g r s a t  h e l p  i n  
lrawinq t h 3  Sraph. In the abova case the d o p e  
f o r a u l a  is 

dy/dx (23-2xn)/2-
snd ~e f i n d  t h a t  when xxO s lope  = 2y2; when X 
zpproaches 5 omes intinita; and when 
s l o p s  is Zero 

PgOBL E S  
Lrau t h e  s p a c e - d i a q r a m  und c o n s $ r u c t  o formuLa 
b y  x h i c h  e a c h  of t h s  f o l L o w i n q  Q U d B T I T I E S  i s  
e x b r e s s e d  ars a f u a c t i o t i  o f  t h e  CONTAOL Y A R I A B L E '  
i i t d i c a t e d .  Firtd b y  d i f  t s r s a t i a t i o n  t h o  r a t e  af  
w h i c h  i t  i n c r s o s e ~  p s r  u a i t  i n c r e a s s  i n  t h s  
c o ~ t r o luar jab ,Lu.  R e p r s r e s t  b y  a c r a 9 h  tbtp va-
r s a i i o n  o f  t h e  f n n e t i o n  f o r  t h c  range  i n d i c a t s d *  

1. She ARdA,f ( X ) ,  of a c i r c l e  c o n t r o l l e d  b y  i t s  
~ 1 1 4 V X I ' ~ R , X,  Li15 l a t t e r .  r a n q i a g  froln 0 t o  2 .  
2. Fhe V:lLO%S, V ( h ) ,  of a ccne siailar t o  a 
q i v z n  conv (ns i - in t  d , r a d i u s  of  oasz 3) control-
. Y a *Variable a l t i t u d z ,  b ,  triruout a ran9e 
from h=G t o  h = b ,  

3 .  i'hz $.<GA,  k ( x ) ,  of a rsc tangle  i n s c r i b s i  i u  
s circi .3 of rad ius  5, con t ro l l ed  bg t h e  l en2 th ,  
X, OP ane s i d e ,  r a n g i n g  from x=G t o  ~"10. 



4 .  Tne DISFANCE bvbwevn two ~ h i p s  wnich z f t v r  
meeting s z i i  ak-ay, ona idorth 15 i n i / i i r ,  nnri thz  
o thvr  East 10 d h r .  Control = nu~noer oP EOURS 
s incv  meeting.  Range 3 hours. 
5 .  VOLUME of cy f inder  inscr ibzd  i n  a sphsra ef 
r ad ius  R, coa t ro l l ed  by X, tne A 'S IPUDE of  the 

cy l inde r ,  w i t h  t h e  whok possiblv range, t h a t  
i s  from x=O t o  x=2R. 
6 .  Total  AREk of a cone inscribud i n  a sphere 
o f  rad ius  R, cont ro l lud  bg the  RADIUS of the  
basu of tnv cone: range t o  3 .  
7 .  A3Ea of a r e c t b n ~ l a  inscr ioed  i n  an s q u i l a t -
e r a l  t r i ang le ,  M un i t s  on a s ide ,  con t ro i l sd  by 
BAS& of the r ec tan< l s ,  varyiog Lrom 0 t o  3 .  

8.  DISTAHCE bstivaen two cars  011 perpendicualr 
s t r e s t s  i n  tvrcis of  the I'IME' s ince  ona crosaerl 

t h u  o t h s r ' s  s t r z s t ,  i f  ths  i ' i r s t  is  going ten 
rniles per nour and rea=iied tix c ross in<  ten m i n ,  
bufore the  other ,  the l a t t e r  Going 15 n i l e s  per 
hour. Rangs t = 0 to  t  = 2 h r s .  

9 .  T h e  VOLUME of a r i g h t  circular cone inscr ibed  
i n  a sphere. Control va r i ab le  e khe Sumi a n g i e  
a t  t b e  ver tex  of the coae, rwging  from 0 t c  
d2 radians.  
10.  rhe CoSr, f (V), of dr iving a s h i p  50 milss 
a2ains t  a cur rzn t  of 4 i h r ,  i f  t he  c o s t  per 
hour i s  2 v 3 / 3  do l l a r s ,  V being the SFEEO t h r u  
t n e  na te r  a t  wnich the s h i p  .is dr iven and rang-
in4 from 0 t o  8 mi/nr. 
11. CAPASIi 'Y of a cy l inder  whosa curved area 
p lus  ons bzse i s  30 squarv i v e t ,  con t ro l l ed  by 
i t s  8kOIUS,  witn 2 r z n g e  of 1 t o  3 f z s t ,  
1 2 .  Rectarizular AK&A contro~llvri  by t h s  iength  



13. LEMG'I'H of a l i n e  through (a.,b) ancl tarroi- 
n a t i n e  i n  the  axes, con t ro l l ed  b g  i t s  Y-INTER-
%!?T, r a n g i n g  iros X - a t o  x = @. 

14. A R E A  of an i s o s c I l e s  t r i a n q l e  inscr ibed  i n  
a c i r c l e  of given radius,  and cont ro l led  b y  the 
LERJi'b of i t s  3 : - r21i : l n <  r i c l r d  L,Z \ \C  I,O L I I ~  

radius of the c i r c l e .  
15. TIM8 required t o  row a s h o x  an3 vralk up t h e  
baach i n  teras of the DISTANCE walked, i f  the 
boat s t a r t s  3 m i .  fron: the  shore and tne 32s-
t i n a t i o n  i s  4 m i .  from the  point on snore nvar-
sst  thv boat. SsnGv, 0 t o  411d. f o r  dist .walkvd. 
16. VDLUME of a  conu u i t h  a r iven  constant  Por 
i t s  s l a n t  heiqht,  cont ro l led  by  t h s  szrnian<Lu 

eat the  vertex,  rang ins- ovvr a l l  p o s s i o l e  v z l u e s  



bXrH3MiS, or M A X I M A  AND MIdIbiA 

,iri-sn a f u n c t i a n  t h a t  has been increas ing  o e -
qinc  t o  decraasr, t n e  v a l u e  reached j u s t  a s  i t  
tu rns  i s  c a l l v i  a maximum. I n  a d i f f e r e n t  pa r t  
9 1  cnv rsnge t h e r e  may b e  values l a r ~ e rt h a n  
s o c ~ ia aaxiaum. rhus tne f u n c t i o n  

Yf i x )  zx9 - dxz + 1 2 ~  3 
L ~ a sP(1) -= 2 a s  a maximum a i t h o u g h  
a f t v r  decreasin t o  f ( 2 )  = I, i t1t h s n  r i s e s  to  f . 3 )  ' 6 and h i g h e r .  

Ce€. A va lue  is c a l l e d  an Extreme (maximum o r  
minimum) when i t  i s  drvater  o r  less than t h e  
values i n  t h v  i m m u d i a t e l y  conti2uous p a r t  o f  
the  raogo.  

rne d i s c u o s i o n  ners  w i l l  ae l i t i t v d  t o  func-
t i o n s  whose d r a p h s  a r r  continuous a n d  frev from 
s h a r p  corners  o r  cusps.  an the  curve represent-
i n <  s u c n  a E u n c t i o n  t h e  extremes w i l l  oe a t  the , 
13PS and BOff'CM8 of t h s  u n d u l a t i o n s .  At t h e s e  
p a j n t r  tha  curve w i l l  be LFVEL,  . ; l ~ l ) i ; E  = A T R 3 .  

Phe converse i s  not k r u e .  
A t  'i' tu r racv  p o i n t "  wo have 

a zsro s i o  8 b u t  no extreme. 
r bus f ( X P 3x4 - 3xa + G x  11as 

a Peval a t  x=P since i ' (1) = 0, 
S u t  f ( X )  i c  imreasin:! j u s t  bs -

fcre snd just a f t e ~x=l. 

r o i n t s  a t  w h i c h  Lhe g r a p h  of E t x )  is Level 
ar-2 c s l i v d  731 CIVAL POIHTS. The m u s t  8% l o c a t v l  
b j  j o l u i n <  t o t  rquation f'(xY = 0 f o r  X an3 
t r l vc  f inding thv  c o r r e s p o n d i n g  v a i u a s  of f ( x )  

r 



1. y = 3+xP aex. ,  s r , i r i  y=3 when x=3 



I 

4 .  x8-3x2- l5x+%.  -44.39 a i n . a t  3 . 4 5 ;  14.40 m;n. 

5. f (x)zx4-8xa+18x2+2,f (0)=2, min; No mn.  f (:3)=f 
0'. ,V = X + I/x. Hin=% a t  x = i ,  M,yx=O X=-1 
7. f(x)z(a-x)"/(a-24) 8 ,  y = ( ~ - i ) ( x - ~ ) ( : ~ - ~ ~ )  
J .  f (X) s X:'-1,6x+7 10. f ( x )  = X" + 2x + 3 

; d s l c i x  a g p e a r s  i r r  t h e  vcrtue o j  / ' ( X )  i t  
m a y  b e  jFou?>d fro ,n  ihn auxiliary e q u a t i o l i  (5 t f z e ~ i  
substitut e d  i n r o  t k e  s q u a t  io>; 1 ' ( x ) = o .  



t h a t  can bu i n sc r iS?d  i n  ;\ circlv o f  rsi l i~lj, 3.. 
Conkral the rectani.,la u y  x, ttie selni-len<tl-1 of 

one s@. I h e l i  tbs  o t h s r  si:jz will 
b e  1 ~ ~ 3 ~ - P , the a r sa  i s  t (X)=ZI~~~I 
4x~72-x' .  ,!ut f ( x )  w i l l  have i t s  
naximurn f o r  t h v  same X tna t makec 
i t s  square,q8(x)  r15x'(R2-X") max-
izum. i ' h s  l a t t e r  i s  e a s i e r  l o  

d i f f e r ; l c i t i a t e .  48 je t  (p '  ( X )  = b%S2x-34x3.  P u t -
t i n g  t h i s  = 0 g ives  x=O or  X= *R/v'z. l i i e  x=O 
and the X= - ~ J shzve no meaning i n  t h e  !~roolva  
and s i z c e  f ( Q )  and f ( d )  a r z  both zzro t h 2  v z l u u  
X =  R/JS aust  2ivg the maxi n u L n .  ine  two s idvs  
a r e  tnvrefore  2K/dd eacn, s i l d  tnv a rea  i;: 2 d 2  

Another shor t  cu t  i n  sucn a proolsin i s  Cne 
folloviing: Let h and o represvnt  the heiynt znd 
k r ~ z i t hof t h 3  rectangle . ,  l'tlen we n s v s  h 2 + b 2  = 
(2ti)PI from which we f i n d  db/dn = - h / b .  i'he a rea  
dcpends on h alonv (or on b a lone)  h u t  can ae 
expressed mors simply i n  terms of 0 0 t h .  rak? 

a rea  z ~ ( h )r o n  
d i f f s r e n t i a t i n g  and d iv id ing  Dy dn nv  nave 

f ' ( n )  = b + h(db/dn) 
s u b s t i t d t i n :  the  v a l u 5  of d d d h  f r o c  2bovv  

f '  (n)  = b + ii(-rv'b) = (0'-h2)/h 

Hunca f ' ( h )  = 0 j i v ~ sh=b, h h i c h  d3termiavs tnv 
naximum 2 ;  uefor;. 

In2ra  a re  P B Z E E  mtnods  of 1'E;STIb:S tne nature 
of a funct ion ,  f (X ) ,  a t  a c r i t i c a l  point:  

I s t .  By t h s  VALUES OF f ( x )  on e i t k r  s i d 2  of 
t n e  c r i t i c a l  po in t .  Se2 F a l z  4 1  f o r  t h i s .  

2nd. dy t h e  SIGNS OF I '  ( X )  j u s t  bsfore, a t ,  
and a f t e r  a c r i t i c a l  p o i n t .  I f  these are in or-



der ss shown i n  t h v  f i r s t  columo, the draph of 
f ( X )  r u m  as shwlvn i n  t h e  svcond coluina, and so 
the azture or L n c  Punction 1s a s  indicated i n  
t h u  third column ~o low:  

? ' ( X )  S,*aph ruaa P ( X )  has 
t O - up  lovol down Memimum 
- J  doxn l o v e l  u p  3binimum 
i - 3  t a p  lcvel up No oxtrcmo 
- 3 - ionc lovrl do;va No extreme 

Thus i n  th"e prvcedinj ~rob lem i t  i s  svident 
thzt  y '  (X) = . s 2 x ( d 2 - 2 x 2 )  changes from + t o  - as 
i t  joes tiiru Zero a t  x=tl//2, an3 khis "+,C,-"is 
2 uarac t w is t, i c  01 -:asxitnu n. 

3 r l .  dy t n z  S 1 3 ~3F f l ' ( x )  a t  thv c r i t i c a l  
p ~ i n t. If t h v  Zrapn o f  f (X) i s  dome shaped,f ( X )  
i s  . n inus  and ne nav3 a aaximum, i f  bowl shape 
P "  ( X )  i s  plus an:i WS n a v v  a min imum.  

P h u s  Pr03 the rp.'(xJ aoove, ~ " ( x )  64(R2-3x2) 
;inicn is negative (= -:52g2) a t  tne c r i t i c a l  
p o i n t ,  which i s  cna rac t e r i s t i c  of a aaximua, 

If ? " ( X )  i s  Zero a t  a c r i t i c a l  point, tesL 
tns  3raph on e i t n s r  s ide .  

1. khst nuaoer =xce~ . i si t s  squsre by t h e  great-
e s t  amouat? 
2 .  I n  :nzKing a oox out of a Square piece of t i n  
t h v  cornsrs are cut  ou t  and wasted, Us ing  a 
square of sriaet t in  ld"x18", how high sha l l  the 
o 3 x  Oe made to navv maximua capacitg? 3" 
5 .  I f  t n s  radius of a sphvre is 1 2  inches what 

i s .  tns tiei2ht of a cone that  c a n  ae 
turned d o m  from i t  w i t h  the l ea s t  loss  
ot' as t e r i a l ?

--' 16 inches 



4 ,  ,?hat is t h e  j r sa tes t  i sasce t s s  t r i n n q l e  in-
s e r i b a b l a  i n  a given c i r c l s?  3q~ileteraJ 

5, Find  Lhe d i m e a s i o n s  of t h r  greatest  rectang-
l e  tha t  can be inscribei i n  an oquiba tzrn l  t r f -
an>le 20 i n c h e s  on a sido.  * - n  ~ g , o S "  

C .  Oivide a l i n e  i n t o  fou r  parts so a s  bo dxt1:e 
t,ne r2ctanQle formei fror3 theiii a s  k r g v  as pos-
s io lz .  F'our squsl p a r t s  
7. A tuan i n  a roiv O G G L  is Li:( 3s 1 ~ i l e sir(jg tne 
nearest ( ~ o i n t ,4, of a s t r a i g h t  ~each. '  He ,qisk 
2s to  reach a p o i n t  cn the osach -5 ~ i .f r o ~!. 
Htj can row 3 m i / h r  %arid welk 4 mi/hr. How s h a l l  
he raw? (See 4O: ld ) .  so ss L G  ,tzlk L.?& i l o s .  
3 .  ;';bat v r l u s  of X ~ i i lmske 
AB l e a s t ,  atid . i .zt  ~ i l l3; 

t h 2 1  3hc r t c s t  i ens tn  o i  A3$ 
x=3.V7 A j = l $ . $  

9. ,Vnat c y l i n d s r  i n s c r i b e l  i n  a :ivec 
nas the greatb:at vcluma? 

10. 4 h a l f  ton m i g h t .  hangs 2 f t .  f r c x  t , h e  2nd 
of a n  i ron Iuver  2 n l  i s  to  3% 
raised by l i f t i c ?  a t  ?. I f  5he 
luvsr nsiqhs 19 l . ~ s / F t  h 3 ~  

long s l w e r  w i l l  mskz t h 3  e a s i s s t  l i f  t?  S O  f t  
li. A I\,c~zl*ni:illLic.~z ~ i ? c i s t ~  2 rect-of 
a g g l e  surrnountad 3 y  i se r r i c i r s l e .  cr a 
g i v e r !  p e r i m a t v r ,  100", what %indo,vw i l l  -..*..... 
admi t ,the sost l i g h t ?  Radius=10C)"/(n+4) D 
12. A gas boldar i s  a cyl iader  vlossci a t  t h e  
upper end an4 Open a t  the bottom ahsrz s i n k s  
i n t o  water.  : ,nat ~ r o p o r t j o n s  give !ruaLcst ca-
pazity f o r  a Qiven  t o t a l  sbrfacei  3tMi.z Aeight 



* 
4La. l h v  hourly f u o l - c o s t  o n  a 1 i . n ~ ~.- varies as 
t h ?  cube of her spead, b e i n g  $25 an hour for a 
s p e d  of 10 ai/Rr. A l l  othvr  v x p e n s v s  eore to 
$145 an hour, I n  what time should s!,r p l a n  t o  
aake a 3000 mile t r i p  most c h e a p l y ?  a3/, days 

14.  *hat is the l a r j e s t  box witb a s J u a r e  b a s e  
mailable i n  .6ngland ivhere the r egu la  tions fo r -
Did t h ~sua of l e n z t h  and gir th  exceeding 6 f t ?  

9 

15. Xhst is thz  most capacious cylindrical  Dun-
d i e  rnailable i u  E n g l a n d ?  2 f t .  l onq .  
16. A farmvr ~ a n t stwo squal rectangu- I4 


Il a r  h e n  yards, each t o  contain 600 sq. ' 
f t . Saklng advantage of an exis t i n g  -, 1I 

Iwall, what i s  the least  c o s t  of the I 

job a t  4% cents a f o o t  for  fencing b II 

p u t  up'? $5.4G I 

Id* A t  what p o i n t ,  B, shal l  a passenger . i ~ ' i ' ~  

T
from his car, xhich geos 13 ~ i / h r  
that  he may reazh V as  quickly as 
possiblv, n z l k i n ?  5 rfii/hr? 3oserve 

i 8 t n z t  ue x i s h  t o  ralre the  tim3 for  
b l s  t h a n3Cthea s  t i i cv  lcss a s  poes i -' f  w a l k i n d  ruzhr e q v i r d  t o  r i d e  

a i  lng 3A anJ t b e n  aaik 48. L2ke AB = 100 f L .  



p o r  h r .  t h e  s o s t  v c o n o m i c a l  speed f o r  a 00 mile 
t r i p  ( o r  any o t n e r )  i s  6 : n i /h r .  
2 8 .  i a  w a c u r i n ~  r e a i s t a n c *  ~ i t ha s l i d v  u i r e  
o r i d g e  t h e  p e r c v d t a 2 e  e r r o r  due t o  a r r o r  i n  
a e t t i n j  t n e  s l i d e r ,  5, i s  
i n v e r a e l y  p r o p o r t i o n a l  t o  E-g-TJB
xc-X' .  Show t h a t  t h e  u e s t  
n ~ a s u r e m s n t s  c a n  be made A 
i ~ n e nthe s l i d e r  i s  n e a r  t h z  ~ i d d l e  o f  the s p a c e  
Ad whose l ~ n g t hi s  c u n i t s .  
20. For a c e r t a i t ~~ u l aa aari agress to  o u i l d  and 
l i n e  a rectangular ivater t a n ~ , w i  Ln s q u a r e  b a s e ,  
h o l d i n 4  8003 c u . f t .  i4/hat d i m e n s i o n s  ~ i l lc a l l  
f o r  t n a  l eas t  l i i i i n q ?  3.1'~13.2'~28.2~ 
21. A mincr is t o  Open a t u n u e l  f r o m  k t o  Y .  On 
a l u v v l  t h r o u g h  A i s  a surfsce of s e p a r a t i o n  

b e t w e e n  s o f t  r o c K  costirir  $12 a P t .  
- - L O  t u n n e l ,  arid hari r n e k  cosLinq :30 

2 f t .  t o  t u n n e l .  What i s  t h 2  l v a c t  
p o s s i o l e  cos t? Aoout $12,530 

2 2 - k oeam of r e c t a n ~ u l a r  c r o s s  s v c t i o n  i s  t o  
I 

3 3  c u t  Prom a c y l i n d r i c a l  102 24'' 
i n  d i a m v t e r .  I t s  s t r z n z t h  w i l l  b v  
p r o p o r t i o n a l  t o  x 2 y ,  X a n d  oe i r i ;  
d 3 p t h  a n d  o r e a d t h .  Find d 

1 01 s t r o n g s s t  beam. 

2 3 .  Tne s t i f f n e s s  o f  a ovam i s  p r o p o r ~ i ~ ! i ; s . !  
l o  x 3 y ,  # h a t  s r v  t n e  d i m v n s i o n s  O E  t h e  s t i i f z s t  
b?am t h a t  c a n  be c u t  P r o a  t h e  l o g  i n  2 % -
24.  ' T h r o u j h  t h ~p o i n t  (8,27) a l in . ;  is d r a w n  
n i e e t i n g  t h e  c o o r d i n a t e  axes a t  P and 9. Show 
% h a t  48,80 is the minimum l e n g t h  of PLI, 

I 

I 



f h e  orocess of f i n d i n g  a d i f f e r e n t i a l  of 
f unc t i o n  l vads  Lo z svcoud f unc t i o n  w i  th a d i f -
ferential factor i n  each term, fhe process of 
il%i'S.?i!lil"; t b i s  process, from the z i f f  ereii t ial  
t o  thz f u n v t i c n  or iginal ly  i i f f e r e n t i a t e d ,  is 
eal leu IFri'L?Gr<ArION, and is in i t i ca ted  by p l a c i n i  
.tnv IKILGHAL SISbI, /, (en o l d  faslrzioaed lonq S )  
~ e f o r athe d i f  farentia1 t o  oe integrated. 

i'herzfcrz if 

Sub F(x )  is not the only q u a u t i t y  ahoss l i f -
fer3ntia.i 3s cp(x)dx, f o r  i f  A is cny soos t an t  
w i ~ atevsr T ( X ) ~ X = J[F(x)  + A J  
and so /q(x)dx = FGx) 4 A 

Shc numbes I? is za11A  a U C X Y f A H  J '!:":JH?. -
T i a h  (or T h e  Aroitrary Ccnstant) an3 must be 

,a i l r d  as an essent ia l  terrr tc svery resuLb oo-
ta iaed  oy inteJration. 

10 each 01 ths  rcain d i f f e 3 e a t f a l  f o r ~ u l z s  cn 
pagu 21 thsre oorrcsponds as integral  t ' o rxu l a :  
f. d[c l=O l 0  = Q
2 .  d[u+v]=du+dr /(du+dv] = Jdu + J ~ v  
3 .  d[cv]=c*dv I c - d v  = C - l d v  



Sne t 'olloxing pounts i n  r'vifar? t o  the a g p i i -
c a t i o n  of vacn iormulz m u s t  be noted: 

l . h d d  311 Arbitrary zons tant  t o  every i n t e e r a l .  

.3. 4 cons tant  f ac to r ,  C,  may be  uoved a t  ~ i i l l  
f r o u  one s i d e  of tbe I siqn t o  the o thes .  
4.Jaku sure t h a t  the sxact d i f f e r e n t i a l  of t h e  

VAiiIAdLE SASE i s  present oefore  applying this 
$ 

forrnula t o  a power. Increasv the expoaent Dy 
o n ~aud d iv ide  oy  tne ddtY exponent, - o n l s s s  
t n a t  would u u  d iv id in?  o y  oero. 

O b a o r v o  t h a t  nhen :> ' -1 no such Pormulg as 3 
oan bo dodu ad. Hcnce bhis inothod P n i l a  to in-
t s i r n t o  33%, l h i o h  In t roatad  l a t e r ,  page 30. 

5. ' I '  t 'or i~ulai s  vxcspt ional  and ~ i l los 
t r ea tvd  L3tsr,  pa3e 75. A t  present  we note only 
tna t  i f  ;rz kransposu JS-dF an8 @ r i t e F'S a s  Fj4.5 
i t y i e l d s  f?.dS = b1..fd3 - ~ S - C ~ Fwhich ahows nhy 
a VkRIAt3L4 Ir'ACi'O8, F, MAY NOT b e  moved t o  the 
o t h e r  s idu of tbu / s ign  unless a c e r t a i n  new 
i ~ t e i l r a l( - f ~ * d ~ )i s  introdiiced rss an of fset .  

, 6.3ake sure t n a t  thg exac t  d i f f e r e n t i a l  of t h e  
z n q l r  i s  oresent  oefore apply inq 6 o r  i t s  a s t e .  

i'wo rvsults from the Same intearab may d i f f e r  
i i l  t h e  ic'Us.ii of t he  cons tant of in lsgra t ior i  snd 

.qst no t  d i saz rve  as to  meaning. Shus; 
J 2  (x+l)dx = f8x.dx+/2*dx xa+iix+Cons t . 

o r  t hus ,f2( x + l  )dx I 2  (x+l )d  ( x + l )  
+= ( ~ + 1 ) ~A 

= x2+2x+ ( t + A )  x2+2x+Coc.s t .P 

ro VEHIFY an i n t e r a t i o n :  - d i f f e r e n t i b t e  t lir 
r * s u l t ,  w h i c h  should g i v e  t h e  quan t i ty  o r i ? i n -  
a J l y  under t h e  f s i g n .  I 



I n  a p p l y i n g  the formulas JBCdU o r  J s i n ( a ) d a ,  
F IX  t h e  , d i f f v r a n t i a l  of base, or t h e  d i f f e r e n -  
t i z l  of m a l e ,  oofore i n t e g r a t i n g .  If a con-
s t a n t  f a c t o r  is l a c k i n g  SUPPLY it and immedi-
a t v l y  ;)FFL,&'l this by supplying its r e c i p r o c a l  
as a f a c t o r  in f r o n t  of t h e  I s i g n .  I nus :  

./ (2-3x2 ) 3 * ~ w d x  +- J s i n ( d 2 ) d i .  
I f  rr2 t a k e  - 3 x 2  ar B { I f  we take ( d 2 )  as @ 
- 6 x . d ~  must bu the dB 9 dz/2 lnust ba t h 8  de  
So s u p p l y  tim ''-6'' and 1 50 s u p p l y  ths % and 

t
o f f s e t b y  a -I/, o u t s i d e  o f f s e t  by  a 2 o u t s i d e  
= - ' / . / ' ( a - ; i x ' j 3 .  \ -6x*dx)  := 2 J s i n ( z / a ) *  ( d d 2 )  

&E.'JO"rllZh t h e s c  i # t < r q r a t i o n  f o r ~ n u l a s  thoroly: 





LP a t r s i n  4oes 33 d h r ,  an3 bve wish t o  s s t  
doan a i o r m u l i  f o r  i t s  d i s t a n c v  Pron somv a o i n t  
on Ln= road nave i n  t h i s  d a t a  t h v  e q u i v - l s n t  
of 3x/cit = 30 

from which we 2 e t  dx " .iU.dt, a n d  i n t e g r s t i n ; :  
X 3 0 . t  + a c o n s t a n t .  

~n o r d ~ rt o  dv te r f i inv  t n i s  c o n s t a n t  wv a u s t  j u t  
a d J i t i o n a L  in fo rmat ion  about  the  t r a i n :  i t  t i i f i  
d o  it' wr ntlor: ;thzr2 i t  ;:zu zt soxs s p z c i a l  t i i iv  
o r  i n  Qthsr riords i f  ,ve k n o ~a 3 OP COKdb4-
SFONDING vAL<bvS or X an3 t ,  S u o s t i t o t i n q  such 
v a l u t s  i n t o  t ne  i n t 2 s r z t s d  v q u a t i o n  e n a b l e s  u s  
i n  j - : L i v 5 n l a r  t h s  v d l u ;  of tne  s o n s t a n t  of inbe-
2raLicjr i  

r h u s  ~f cv nsv2 dy=sinZ'JZ, acd also h a v e  the 
s p s c i a l  Cact t n a t  rtnen '/J=OO wo navu y=O a l s o :  
i n t s 2 r s t i n a :  y = %osL + B 
s u b s t i t u t i n ; :  C = -cosCJO + k = -1 + A ,  
solv:: r o r  4: k x l  
znss r l  Lais valu;, y = -coa% + I 

i'ne s p w i a l  ~ a i rof c o r r z s p o n d i n j  v a l u e s  v ~ -
p l o y v d  i 'or  d e b e r z i n i n ~ Lbs c a s t a n f  of i n t s 2 r a -
t i o n  u s u a l l y  r s o r v s v n t  t h e  i n i t i a l  o r  f i n a l  

the v s r i a t i o n  of t h e  q u a n t i t i e s  

ei n t  e ~ r a t  a w i  d e t e r n r i t r e  t h a  c o n s t a n t  b y  m e a u s  
o f  t h e  b a i r  o f  c o r r s s + o n d i u q  u a l u e s  q iv rn .  

1 .  .dy=%x23x, and y=ll whcn x = l  j y = 4 p + . 5  

i nt io i i si i>ci ,; 



L. (1-s2):is=jy arid y=C ~lrizn s=O 3 ( 8 - y h 8  

3 .  dq=20Pdt  and t=l wnen q=1 q (3-2 t)=I 
4. dy/drsl 'and X-1 whcn y=l YEX 
5. dy=xadx*#;0fi and x=2 r h a n  Y-3. y a ( ~ a + l ) a 4

3
6 .  dz=2dy and o=2 when y=I/2 s=Zg+l 
7 .  dy/dt=3t2 anjl initially y=7, t 4  y=t9+7 
d. dQ=einPbcosB. da and wbea d = 0 ,  -W,bd.1,4+sin2s 

9 .  *fhe slope of a curve =xy2 a t  t a e  poiat ( x , ~ )  
and tne r u r v e  passes thru t a ~m i n t  ( 2 , l ) .  P i n d  
its equatioa. ( X ~ - ~ ) ~ + @ = O  

10. 'Tne aiope of a curve is a t  euery p o i n b  tha 
rsciprocal of i t s  ordinate .  Find i t s  equatiori 
i P  i t  passes thru ( 1 , l ) .  y@=2X 4  
11. rhe slope of a curve a t  (X, y) i 6 -&Y, and 
i t  passes t b t w  ( 0 , s ) .  Find i b s  sguation, by i n -
tsgration aad dsternining conslant.  x 2 + y Z = 2 5  
12. f ' (x )=x=+J; ,  f (0)=1. Find f (X) 

1.3. ?(I) 7, 9 '  (X )  = 

f ( X )  z ( x z * a ~ ; r ) f  + i 

S x ( x + l ) .  Find rp(x). 
P(%)  - 2 ( x 3 + 1 )  + 3 x 2  

14. F' (X )  C F ( x ) l g ,  F(O) 2. F ind F ( x ) .  
F(x)  = 2 / ( h 2 x )  

15. F ( x ) . F " ( x )  = X, F(3)*5.  Find F1(x). --V 

P1(x)E x / / l 6 + x T  



2ATE PROBLEMS 

I n  t he  followin2 problems, when a r a t e  i s  re-
qui red  i t  i s  Eound o y  d i f f e r e n t i a t i n g  the for- 
mula givsn fo r  thv  quan t i ty  whose r a t e  is asked 
f o r .  Whcn a r a t e  Eormula i s  givcn, the  formula 
For t h ?  q u a n t i t s ~  des i r e?  i s  found by in t3gra t -
in8 and determining the cons tant  b y  usiiig t n e  
qiven i n i t i a l  of f i n a l  s t a t e  of a f f a i r r .  

1. The c o s t  of d igs in?  a p i t  i s  3t34 u u l t i p l i e d  
o y  t h e  hor izonta l  c r o s s  sec t ion  i n  sq.yds.timus 
t h e  S U M  ot' ( tn? 4epth i n  yards + one-tcnth i t s  
s q u a r c ) .  A t  what r a t e  ~ u s tonc pay f o r  zxcava-
t i o n  a t  tne b o t t o ~of  s 40 yd. p i t  of uni fora  
c r o s s  sec tioa'? $o.70 per cu .y l  
2 .  Nhich increasec more r a p i d l y  as . pasd%s 
thru the v i l u e  i=.4: ( 2 x 1 ~ ~  ~ x ( ~ J ~ x ) ' ?01-


Their  r a t v s  a r e  as 1:1.44 
;3. r h e  speed of a oody tt-iat s t a r t s  from X = 5 f t  
a t  the  t i m  t-2 3sc. is y t ( l + t )  f t .  p e r  szcond, 
ivork out a fo rau la  f o r  X i n  terfus of t .  

X = '4(3t3+12t2-97) 
4 ,  Thz speed f o r a u l a  being d x / d t  = 3 t 2  f t /see. ,  
,3113 t he  body. reachinq x=12 f t ,  ivnen t = l %  sac., 
f i n d  vihat X was when t nas zero. ~ S I , P t , 
5 ,  ' P m  t i ine4istance Pormula Por n rnoving point 
i s  xg;it(l-t ) 2 .  &ork out the t im-speed arid tne 
t i w - a c c e l e r a t i o n  oquations,  and p l o t  a l l  t h ree  
Proin t = O  t o  t-1. 
5.  ~t 1 o'cloek, Q is increasing a t  t be  rate of 
(212+T+1) u n i t s  per hour. If Q i s  40 units a t  3 



-- - - 

Aoout 79 u n i i s  
7 .  A mine i s  deepened a t  a r a t e  of (20-y)3x,015 
f5  per year, y being the nuaoer of y e a r s  s inze  
tke aine was opensd, How deep i s  i t  zt t,he end 
of 15 yearsP 533 f t .  
8 .  Phe height of the tide i n  feet  a t  q'clo~k 
b;inQ given by t h s  formula E = 7.sifz(~/2), d 2  
oein$ a ouaoer oP radians, Find the r a t 3  a t  
w h i c h  i t  i s  r ising o r  f a l i i n $  2 t  10.30, 

3isin$ 1,80 Pt/nr 
9.  If Q=Jx/(i+s)and s=/l-x2, f i n d  the ratv a t  
wnictl Cl incrvasvs when X = % and i s  increasing 
a t  t i i u  rc te  ot' units per sec. .619 
10. As a man a s l i s  out a l o n i  a sprinq b o a r j  
oue t od  s i n k 3  to s dis tanie  of y = (x2/15)(x+2j 
i ncneq ~ h v r ine i z  x f t  i'roili t h . ~~ h a r f2nd .  Tf 

Lh e  moves qiqr j ;  - i .4- riite ? i t / s ' . : ~ - ,  hok, 
Fast i s  the end sinking when he  s t a r t s ?  ~ h e nhe 
h n s  Jonr$ 10 f t , ?  0 and 3.77 f t / sec .  
11, Find f l x )  it' i t s  derivative i s  J - ~~ i h i l e  
f ( 2 j  = 9. f ( x )  = %l.& + i2'/,1 
12. A body f a i l i n g  down a n o l e  froa s u r f a c ~  t o  
L92 cent2r  of thu varih,  arr ives  with wazt 
sp?3l,  if sqveri = V mi/sec, a t  X a i .  belorv tne 
surLac5, arid 5zd0 .v*dv/dx  = 32 - .OWx? 

4 ,J% mi/src, 
13. A t ra in  i s  [40t2-St41 miles froin ths s t a r t -  
i n g  point a t  t h v  end 00 t nrso Set i t s  speed 
ancl accvler atioll i n  terrns oF t 
14.  ii s p r i n g  couipressed to a l e n g t h  09 8 inches 
s t a r t s  t o  exten3 and Deglns L J  v i v r a s e ,  one ena 
movinz w i t n  a spevd of [30*sin(4Ot)l i d s e c ,  t 



b e l n g  t h e  number of seconds elapsed, a n d  40 t  a 
corrvsponding angle expressed i n  radians.  #hat 
is the l sagth  o f  t b e  v i b r a t i n g  spr ing  at'ter a 
lspse of -3 sec.? 3 .39  in 

15. An automatic r e c o r d  onows t h a t  t ne  worK 
done by a c e r t a i n  e n g i n e  i n  .n  hours ozGinnins4  
at 8 A.4, is 18h(10+5h-?'3h')10e f t . l b s .  kj~1:l 

t h e  power  being u s e d  a t  13.30 4.g. i n  horse-
pouers, o n e  h o r s s - p o m r  b e i n q  a q u a l  t o  553 f t . .  
Ibs, per sec. Also a t  9 A . M .  205 dP, and  184 riCi 
16 .dy=xdx/(l.-x2 ) 2 ,  and when x=O, y=O. ,Viizi t i s  Ji n  terms i f  X? y = ~ ~ / z ( l - ~ ~  

1 7 .  From Regnault ' s exper inen ts  i t apr13arsd 
t n a t  t h e  number  of heat units ,  q ,  r equ j red  t o  
r a i s e  t b e  t e m p s r a t u r e  of 20 5ffij. ot' P I > , ~ I C ~fcm 
O 0  t o  f0 C g .  i s  g i v u n  b y  the  s q u a t i o i i  

q' = 20[r + 21'P10-= + 31'"L3-71 
I f  heat is suppl irc l  t o  2S >ins of v a t v r  a t  t h 3  
r a te  of 14 h e a t  units per sec. f i n d  t h e  r a t e  a t  
w h i c h  t h e  t e m p e r a t u r e  r i ses  whea T450. 

.49Y0per sec , 
18. A bal  o o n  r i ses  i n  m n i n u t e s  t o  2 I i e i g h t  
o t  U o . / k m ? ' l . i l - ~  ~t .bat mte i: i t ris-
i n 2  a t  toe erd of the  t ' i r s t  h z l f  i iour? 

About ? n i / h r  
1 9 .  l'he formula t o r  t he  f o r c s  needj? t o  r a i s r  
a n  n y d r z u l i c  e l v v a t o r - r f t  i s  4' =. (2,2+ .0025x) 
tons. F i n d  t h e  ivoru lone i n  r a x s i n g  tne vleva-
tor 00 P t .  Givan d!worrt)/d(distance)=forcs~ act-
inB.  About  l4S.L/, f t - t o n s  
20.  Dqrins an v x p l o s i o n  the gas i n  a cy . i i n J : r  
i s  do inp  WOPK oy p u s h i n s  on t h e  p i s t o n  a t  t r 2  
r a t e  of [8O,000.- 24x10' :t-.O5)'] Ft .l b s .  p r r  
s e c .  a t  t s u c *  a f te r  t h v  s p a r k  s t a r t e 3  tiie v { -



plos.ion, Bon many f t . l b s  of work a re  don2 i n  
t he  P i r s t  1/13 S E C :  a g a i n s t  the  pisbon? 4000FP. 
21, A ineteor i s  f a l l i n g  to  the s a r t h .  Its d i s -
tance f rca t he  C E Y f R a  of  t u r t h  a t  t h e  end 
of  t sec .  i s  E7000- 10000t-t2)1 miles.  Snow 
tha t  i t  s t r i k e s  the SURFACE of the var th  when t 
= 1 0 f f i t h  a spved of BOf f i i J~n in ,  
23, ksswnin? tnzt  the value oP a mahogany tr-
over 40 yvars o l d ,  say y y u a r s  old,  increases,  
i t  l e f t  t o  grow, a t  ag annual r a t 3  of 

.$[20{aJy - 3 )  + W!] 
t i n d  Ln; iiicrease i n  value Pron the age of 130 
yuara t c  tn.2 age of 200 years .  About $d030 
2 3 .  It' t.13t-3 , Y V ~ $ 2 holz,  reachirig throuq'n the 
c z n t r e  i T  uar tn  t o  t i i v  o t n r r  sidv, a body 
f z l l i n s  dowii i t  without rvsis tancv would i n  a 
n inu t s s  reacn a dis tance  o i  4000-cos(m/14j n i i .  

from t n v  cen t re .  A t  what speed  will i t  pass 
t h r u  t h ~center?  286 mi/min. 
3 < ,  1 w = i $ n t ,  hsngs Erom a spriod and r i s e s  and 
t r l l s  so t1,al i t s  spead i s  2J- c d s e c ,  y crn 
ReinQ its ' dis tance  f r i x  L n ?  u p l j ~ re n d  of tns 
s p r i n < -  Xork out a fornula  f o r  tns acce le ra t ion  
i n  t e r a s  oi' y, Accvl.= 4(4-y)cdsecP 
25 ;'invn a o a l l  is thrown s t r a i z h t  up i t  reach-
e s  a nvi5ht of (6-16t2+140t) P t *  i n  t sw. # h e n  
does i t s  s P i d  Change from'up to  down? t9i6% 
20  Aecelerst ion bving constant  and sgeed and 
d is tancv b s i n g  Zero whan time is zero, prove 
t h a t  d i s t ance  va r i e s  a s  the  Square of the time. 
2 7 .  Anen a o u l l e t  penut ra tes  a karget i t s  spved 
i s  rzducv6 a t  the r a t e  of 1 2 ~ Ef e e t  per sec.  
per i n c n .  If i t  s t r i ~ v s  ~ i t n  a spced of 2400 f t  
p r  sec . ,  how far  w i l l  i t punetrate ,  X h i n g  



tns  nuaosr of inches penet ra ted  a t  a n y  i n s t a n t .  
About 44 incnes 

23. fnv speed of a meteor 83fore i t  reacnes t ne  
d e n s = i  pa r t  of the  e a r t h ' s  atnosphere i s  q i v = n  
i n  f t /sez ,  as V = (JIOzlr  - r2) /{200r)  wnere r 
i s  i t s  d i s t ancv  from the  CE!dFE:? of t n v  za r th  
avssure7 i n  f e e t .  F i n d  i l s  s s c e l ~ r a t i o n  a t  a 
hei2ht  of' 15000 miles above t n v  SJXF.;& of tne 
e a r t h ,  1% f t ,  per svc.pvr 

29, In pu l l ing  a s take  out of tne Zrouni, t h e  
resis tanc; ,  R l b s ,  (=d~ork/dDis  tancv) d2creases  
as the  s t ake  gives,  so t h a t  L the n u E o s r  CJP 
inches i t  nas been ra i sed ,  i s  ru ta tvd  t o  Y ac-
cork in?  t o  t h e  formula: d 2  (L+4)" = 10'. Salcu-
l a t e  t h v  work done i n  r s i s i n g  tnz s t ake  the 
f i r s  t f i ve  incnes.  17.3 f t , l b s  
:33. A 4 foo t  xheel i s  r o l l i n 2  along 5 Pt per 
cecand, Phe coordina tes  of s p o i n t  on r t s  r i m  
a r e  x=2<1-cos@)and y=2( W s i n 3 ) .  What are the 
formulas Por the v e r t i c a l  anii no r i zon ta l  speeds 
and acce le ra t ions  of t n i s  point ,  and wha t  i s  
t he  nummical value of d3/dt i f  3 i s  the angle 
w h i c h  ae r su res  tne r o t a t i o n  oP tne snse l i  



A funvtion which caarot  u v  forrrvd fro~q j t s  
?,r2unient i n  general  bq a f i n i t z  n u r r b s r  of add i -
t  ions, p u l  t i p l i c z t i o n s ,  or  r a i s i n i  t o  i t ?  te2ral  
o r  f r a c t i o n a l  2onstant poxcrs i~ cz l l ed  a r r a n -
scrndenta l  Eunz t ion.  

i'he aoz t f a z i l i a r  trznsuendental f unc t i ons  
a r e  t a c  Lri;onometric f o n c i i o n s  and the loea- 

t n  t h s i r  ~ ~ n t i - fr i l h e s  +,i u n z ~ i o n s ,  the c i r z u l a r  
f u n c t i o r s  ( a rcs in  vi?,) and the eapor:vnLiels 
( 0 2 ~ 3; , l  tn vzriaold i ? x p o n u n i ) .  

s i t i  U c o s  V b a n  V 
U + - c s i n V s r c t a x  v 

L o e  V 
V ( c = 2 . 7 1 8 + f

C? 

In s t e p  "F" t h 2  d i f f i c v l t  ~ a r ti s  iik l i a i t  



rrneru E i s  ir, ~ ~ ~ C i n i t e s i a i a l .ife can g e t  an idzz. 
oP hor: t h i s  v e r i : s  o y  t ak in< a succsasion ;L 

s x a l l e r  and smakler values of E anJ cralculat,in< 
t h s  ~ o r r ~ s p o n ~ l i n ~  Lvpowvrs of I+E.f i n d  

E = 1. .1 .01 0 .V001 .3J3C1 
(lte)'"=. ? .  2.363+ 2.734+ 2.717+ 2 .713+  2.7131 

T,!.*,orv s l a b o r a t e  aorK shoiirs trist t o t :  i.i t j . i ,  ~ p -

proachud i s  2.71328132545994+ 
a numovr of < r e a t  importance i n  ana lys is ,  usual-
l y  denoted o y  "2" acid c a l l a d  the "dayidrian 
~ a s e " .  ,*i$ uav  tne f a u i l i a r  lo;garitiins ~ i t h  
SEi4 as basd, ths f a c t o r  " log 2.713" i s  .434%24+ 
o u t  i E  tis taKe " s "  ss o a s e  ,vv make t h i s  F s ~ t o r  
vquzl to  1. 2 ' 0  s e c u r e  t h e  a d v a n l a < e  o f  s i a f i l i -
c i t y  i n  t h i s  i m p o r t a ~ t t f o r ~ x u l a  i t  i s  c u s f o , n a r y  
t o  U S E  C - l o t a r i t h m s  e x c l u s i v s l y  i n  a l L  z o r %  i n -  
y o l v i i i q  rli f f  g r e • â t i u l s  o r  i?rts q r a Ls. i'nroti2nouk 
t n i s  aook, a s  i n  o thvr  aooics on tne  ValcuPus, 
anzn no subscr ip t  i nd ica tvs  what i s  t h v  oaae  of 
a 1o;ar i thn i t  i s  t o  03 understood tna t  tne 
Moperian or  " e "  l o q a r i  tim i s  azarit . 

Je  have then the  two bddi t iona l  formulas: 

T h %  i n t e g r a l  t o r su la  obtained froin 7 i s  
J 'c ivlv  = lo;,(v) + A 

whicn  t akvs  carv of the exvept ional  casa undw 
trie power C o r ~ l ~ l a(see page 49), J'dY/i3, i i i l ~ 1 1  

t i ~ vp o w r  i s  t i i u  wi~ius I ' i r s t  so tha t  c+l = 0 .  



! 
I t  i s  not  nvcessar3 t o  USe the 2'ulI Frocess 

i'or Chtl o t n s r  funct ions .  Bacn of tnv rz11:aininq 
formulas can ae woriced out as  ap,pLiestions of 
t h s  f i r s t  seven. 

I SeThe GXPONEWIAL formuia: 3[eVI = v V * d v .  
I Pu t y = eV,  tnen V = log y ,  a n d  by  7, 
I dv = dy/y a h ~ n c vdy = y'dv 

d u t  d[sV1  = dy  = y - d v  e b * l v .  
1 

h n y  S3iG'i'PIW'i' w i t h  a d A R I A i 3 L $  ?XPdNZ'JT tnay b e  
orou;nt uuder t h i s  r u l e  oy replacing tne con-
s t a n t ,  say 2, by i ts  equal 

C = &0qeCl  

8. I'ne t a n q v n t  fs rmula:  :i t a n  3 = svc2S d a .  
tan 3 = d"in9 = cos3.di3.cos3 -(-sin@*di)sin@-. 

C O S ~  eos2a 

?lote again as on p a 4 2  24, t ha t  dS l n u s t  O S  ex-
<i prvssed i n  3AUIAdS. 

13. The  arcsina Eorxuia: d [ s r c s i n  v J  = 
P u t  a rc s in  V 3, whvnce V =sin 3 a n d  
so by  3, I v  = cos3 3 an4 t h e r e f o s  MV 
j l a r c s in  v l  z 36 = iv/cos9 = d v / d l - p .  

11, P h v  arctangsnt  formula: d [a rc tan  V ]  
Pu$ arctan V 5, 8 whence V = tane and 
so by 8 ,  dv = sec2@ dB 2nd t i iersfore 4 V 

4[a rc tan  V ]  s d$ = dv/sec28 = d v / ( l + v 2 )  /n 
I n  u s i n e  fwmulas 10 snd 11 thc d l  a i u q t  oe 

7 u v a s u r e d  i i i  iiAl?I4)!S (sze paje '241 erl-I 60 Lila 
a r c s i n ( v )  and a rc tan(v)  musL os r e q a r d v d  n o t  as 



angles*, (and expressed i n  any xay vie please), 
but as  the KUXSZR CF RADIAhS i n  the angles. 

Formuias fo r  t h e  iiiffer2ntia.i.s of sec 8, arc-
sec V, etc., rziay oe found i n  s imiiar  manner.But 
these a r e  not so oftvn used and may b e  worked 
o u t  a t  the time when they a re  needd .  

Integral  forrnulas a r e  made from each of the  
d i f f e r e n t i a l  forrnulas above, a s  on page 41. Ae 
then have the following l l s t ,  nfiizh s h o u l d  be 
bWK%i'IZED w i t h  great care:  

d[evl= ev*dv J e J o d v =  eV + A 
dcsin 83= cos 3*de /sln9*d8= +os3 + A 
d f c o s  93= -sin B 0 d 3  fcos@*d@=s in  8 + A 
d[tan 91= sec2B*dB Jsec2B*d@= tan O + A 

/L=arctan V + A
l + v  

W In P a a t  Lhc ux~ressionarasin V or a r c t a n  V )  
aay app.ea2 i n  3 P o r m u l a  n h e r o  co !dea of an610 
i3 involwsd, (POL* oxam le s 4 pn p9ge  114), j E s t  
a s  t-nsquoron appoa rn  En s:&t , z h e r ~ - G h e r cis 
20 idoa of t h e  aroa ot? a Square. 



2. jdx/(l+x), ( ( l+ex)dx,  d cos 22, 1 l o q ( 3 x )  

4 .  d are tan a, / dx 
a W 

1, I .  / ccs X G, 4 cos X, d zrcsinZ,/-$ ~ l i  

s i n  X s i n  X cos X 

10. d arcsin 2xIJ;1S, CeX]', i {ex-1}2cix
1- C 

I n  t h e  f ~ l l o ~ ~ i t ~ ~ ,i u t e q r a t e  a n d  c i c t e r m i r r c  t i ~ c  
cor t s tarz t ,  und t h e n  c h a n q e  t o  t h e  atit i - f u r : c t i o t r .  
T h a t  i a  c h a n q e  

f r o m  x = k s i • â  F t o  V = a r c s t n ( x / ! : l  
f r o m  x = 5 arctan Y t o  Y = t a a ( x l 8 )  

f r o m  X = C log il t o  ,,fda 
f r o m  x = K e Z  t o  2 = L o q , ( x / t )  

il. dx=dy(l+x), x=O nh;n y=2. y = ~ + l u <(M), 
or  = n.Y-2-1 

1 2 .  dx=dy(l+x2), x=l ivhen y=0. x = t n n ( ;  + n/%j 
3.8. de=cos23*dx, x=2 when  6 = ~ / 4 .  @=ar:tan(x-1) 
1 4 ,  eydy=dx, i n i t i a l l y  x=y=G. y=io%<(x+li 
15. %x.y"dx+dg=O,x=l v n e n  .v=e. y=e 2 e'x 


2 



1 


18. 2dy+y*dx=O, x=2 when yz2/e. y=S e -4 

3 2 .  dy + d x m = , 0 ,  y = l  wlien x=O y=cos X 

2 2 .  dy+y0dx=O, y=2 when x?o. Y = z .e-X 

21 ciy=(l+y2 )dx, x=y=O ini t i a l l y  . y=ta!i X 

22, cos yedg=dx, y=O whsn x = l .  y-arcsin(x-1) 
23. r"dy=2dx, y=loq,2 nh-n x=l Y = ~ o @ K )  
24. dy + d~(l-~)=O, y=O when x=3. y=1-.G453 eX 

G c d u c e  f o r m u l a s  f o r  t h e  f o l l o a i n q  d i f f e r e a t i -
a L s  b y  r e t h o d s  s i m i l a r  t o  t h o s e  used oa j a g e  6 1  
and q i d e  t h e  c o r r e s $ o t ; d i u q  i n t e g r a l  f o r m u l a  i n  
c a c h  casc:  

25. d c o t  3 27 ,  d sec EI 29.  d ccc 9 

2 6 ,  d arccos v 23. d arcsec V SC. d iGV 



i s  necessary t o  S ~ T 'UP the pr&biem,  t ha t  i s  lo 
da ter~inuwhat var izolv an3 cans tan t  quan t i t ies 
ruqu i re  cons idera t ion ,  t o  ndopt a s u i t a b l e  ao-
t a t i o n  f o r  the v a r i a b l e s ,  znd t o  represent t h e  
r e l a t i ~ n soetween them b y  ecuat ions ,  T h e  solu-
t ion  o l  the  problem t h e n  depends upon th9se 
equa t i ons  and o thurs  founa Ct-oj~~tbem oy diff;r-
e n t i a t i o n  or  intvyration. 

I n  c e t t i n ?  u p  a r a t e  p r o b l v n ,  a t  l e a s t  t h ree  
rlA7Ik31.6;S ~ u s t  ba  cai is idtr t : : ,  one of {rhich is  
t h e  KATE of increes.: of 2, cbconi per un i t  i t i -

Creast? i n  t h u  t h i r d .  1;enotv ~ x o n dand t h i r d  a y  
s i n ~ l eI v t t a r c ,  reprusenti . t% t h e  Rate 5 y  t l l e  
q u o t i e n  t of t , ~ e i rd i f f e r e n t i z l s .  

i'nz rloans o l  t n 2  1i31J'S i i ,  : , l i i c h  l h e  v ; ? r i - 7 3 ~ c s  
a r e  %Jazured a f f o r l s  an i ~ c o - t a c tcluv: t nus  ii 
3 r a t 3  o r o b l 3 ~  i n v o l v ~ s  v r  L : Z S U ~ C ~i r i  

d e y s  an i d o l l a r s ,  t h c :  : i avolverf aay o e  i n  
d o l l s r s  oer l i % y  o r  d s y l ;  p v r  , c l l z r .  

r h e  .q~iast,jon t o  ils ei,:;.=i.eii si ioul3 b e  c l e a r l y  
F'OHMULJ i r  tiia i io ta t ion  

'Iient=v=t. poss io le  s CIAGKI:"1. snould shosr a s  
c1:arly as yoosiole ~ h a 2 .  t ~ c ~ r i : i ~ l e ~s re  

If  N var iab lds  a r e  i n  t r o r i u - ~ ~ ~ ,(4-1 EQUL f T ' 3 i G  
Lust b e  founcl c o n r i x t i n q  ti,,r oefore any 4 i f -

If s r e n t i ? t i r <  o r  j n t ~ - r a t , i n ~ ;s dot13. 
Wnen the  pro0  lr=ii  rzqiil r2s . 11tz ; r s t ion  : m i  

t n v  su~;vquunt  of V3 St.C',ii, 
t ne re  ~ u s ta l s o  05 n o t z ~2 set  of correspon5iiig 
valuzc of  t n v  v a r i a b l e s ,  w ; L 3 ? 1 9  t n ~ ~ , ,f r o ~L3e 
i n i t i a l  o r  Eiual s t a t z  o t  L L 3 i n $ s  i n  t n s  problen 



I 

lic, n 5 t  C O U I I L  to~ardt n e  N-1 equatioris: t h ~ : :  
n 9 i . i  u n l y  i o r  : spsc ia l  state ,  bvnile t h ~lii-i 
;oua t i o r i s  ~ u s t  d z s c r i o 3  re la  t i ons  rv.licn h c l 4  
ot twcvn t hz var iao l s s  throughout the problenr, 

For vxaiaal;, taice the prooIem r,o f i n d  ~ n . j  
r a t ;  ~t s i ~ i c ut ~ os b i p s  are s e p a r a t i n 2  J 

. 
r
,. 

0112 

sa i l s  n o r t h  a t  10 m d h r  w h i l ef t h e  o t h e r  s a i l s  eas t  a t  8 d h r  
1 I  t h u  f i r s t  m m t i o n 3 a  s n l u  :las 

X I !  i n i t i a l l y  5 d i e s  n o r t h  ~f cnc 
: !z other ,  an3 t h v  r a t e  of ssi!ardt-5 i  '. 

i n g  is r e q u i r e d  ons nour i a ~ e r  
_+ Let X a i .  arid y mi. h v  c n s  

' d i s t a n c r s  coved by e i t n s r  s i i ip 
i n  n noors,  srld z mi. ou t i i z i r  d i s t a r i c e  a p a r t  
8 t tn6 2nd oP h h o u r s ,  Ae nave t n e n  4 v 2 r i a ~ l v s  
8n.l t o s  t n r e v  equations: 

( X + 5 ) P  + = % *  

dx/dh = 1 C  
'dy/dh = S 

{13 f o r s u l s t s  the q u e s t i o n *  ts  oe  ? n s w v r d  t n u s :  

4s a sucond example, t a k e  t n v  prob133 t o  f i n d  
t n e  d e p t h .  of ~ a t v ri n  a c o n i c a l  c u p  i v i t h  a senti 

.7 D 0v e r t i c x l  a n i l s  Q F - 3v , %C 9 ~ . 

a f t s r  i t  ;las f iP1ed  t+o a l ep tn  
of 6 i n u h ~ s ,  i~ t h v  ciatvr f lows  
o u t  z t  9 r3 t5  ~ r o p o r t i ~ n a lt o  
t i ~J s p t n ,  B = i n ?  i n i t i a i l y  3 
CU,  i n .  ;>:r s5c-

i s t  X i n ,  = tn: d e p t h  ;nd J 
e u , i n .  = t h v  vo iua5  o t  :;at:r i n  

,Cup kt ti!v 3 i i1  of t s ~ 3e t ;~=v i l  ;n~:se 3 
v n r i s b l u s  ,12 a av3  tno  5 q u 2 t i o n s :  



ana  s i n c r  d V / d t = ~flnGn X=$ R e  yavs 3=k6, so ke 
fi3 f o r m u l a t ~t h e  quvstion" t o  b 2  mswered t h s a .  

X = ': xm1. &,=29 
Po g e t  X, we nust e l i m i n a t g  V, intagrata, and 
to determine tnu s o n r t a n t  of j n t e q r a t i o n  we 
c u s t  note t n a t  t n v  inilizl conditions are: 

ivnun t = V ,  x=cj, an3 P 2 4  

i n  i o r c l n <  t h e  zguai-iofis nhicn connact vari-
:>oles, , the relation betrwen t h e  sqs. of t h e  sides 
of a r i q h t  triangle (Pythadoreon Theorem, aP+bQ 
=ca) ,  t n z  proportionalitj of c h ~ ,s i d e s  31' si;;-
1a r  t r i a n k l e s ,  L;)--. v~riogs imnsu~atiost'orrrulas 
inr, n r 2 ,  J n r 2 ,  Y7:?n.. vQilr2n,~ t c  riius t 
3 3  =ilplovad irzquvntiy (See pa?e o p p .  page 1) 

Soxs of Ln= 1 3 s t  f r u q u = n t i )  r v c u r r i n ?  cases  
c..=iatiorlsnius but,ir.,en qeometric v a r i ~ i b l s s  

i~ ,urclvet hv  f o  110:. in& l i a ~ r a m sgnd f o q ~ u l a s "  

i h e  statenent t n a t  a q u e r i t i t y  " V A i ? I i Z  k s "  311-

ot r ier  aluanc t h a t  t h e  first i s  a cons t a n t  . : u l t i -
pl3 of t h e  second r h u s  

va r ies  a s  xN (or"direztiy as X " )  is y = ~ x  

* 
Phs pest of t h e  s o l u t i o n  is Peft for the stu-

d3nL. 30e #1 an8 #2 on page  



Furtner  not i i f icat ions of t n i s  idea a re :  
"y v a r i s s  inve r se ly  as X": y=k/x, ( o r  xy=const.) 
" y  var ius  . jo in t ly  as  X anu 2": y = K X Z  

rhe " K "  i s  c a l l e d  PSOPJRI'IOiJALI'I'Y k1AC'I"I)R 2nd 
i t s  value depsnds  upon tne  u n i t s  i n  which t , n ~  
q u a n t i t i v s  a r s  neasured. 

AR1r;A.oP cirulc A=kDd. k='11/4 f o r  a c a  3m, ~ u t  
For oircular-aiis ~ n dE h o u s a n d t h s  of inoh x = l .  

AXC of cirslc, a=lcre; k=i f o r  om, 3t r & i a n s ,  
b u t  k=n/ l3O = .OlT4 70r an. and 3egrees ..,Nhen thu value of " K u  i s  not ~ i v e ni t  aus t  ~5 

Pound i n  t n s  saav way as the cons tant  O E  i n t z -
z r a t i o n :  Dy s u b s t i t u t i n ?  a s e t  0f Known corre-  
spon3ing values of thz v a r i a o l e s  and s o l v i , ~ ?  
t h v  r e s u l t i n q  vquation f o r  k. 

FHOBLEXS 
Dpon b e o i t z t z i n q  t h e  solut'ion o f  e u c h  o f  t h e s c  

p r o b l e n t s :  1: d r a a  a o o o d  d i u , o r a m ,  2: c i e s c r i b e  
a c c u t a t e l y  t h e  v a r i a b l e  d e n o t a d  b y  e a c h  l e t t e r , ,  
a n d  3: f o r m u l a t e  t h e  q z r e s t i ~ rt o  b e  a t r s s e r e d .  
1. Find the  cpevd w i C h  xhicn t h e  two sh ips  J:-
sc r ibed  on pa<e $6 a r e  sepa.ratin2. 1 2  ic i /nr  

2.  Pind t n s  c i s p t n  of rvatur i n  Lhe con ica l  -:vp 
dvscr ibed on p a z s  36 a f t e r  $0 svconds. 4 X' 
3 .  A pvoble dropped i a t o  s t i l l  wat2r c r s e t e s  T 

c i r c u l a r  i i s t u r o a n c s  ivhose r a d i u s  l2nrthvns 1% 
c d s e c .  A t  sinat r a t e  i s  the d i s tu rbed  a r v a  i n -
c reas inq  ivhen the r ad ius  i s  1 i s t e r?  

~ g o u t9/, sq. c . /sec.  
4. Accordin? t o  i\!ewtcn's Law oP c o o l i n < ,  t n v  
t eape ra tu re  of a not body P a i l s  a t  a r a t z  w h i c h  
v a r i v s  as its a ~ s o l u t e  t =  i!cera t u r e ,  i30vr' ioii2, 
t h o n ,  does i t  takv 3 003y t~ cool  Yroc a00O0kbs 



, 
t o  100O0Abs., i f  I t  begins t o  cool a t  the r a t e  
of 10' per sec, 13 ain, 24% s x ,  

5.  An aeroplane, a a l l e  above a t r a in ,  i s  f l y -
in4 n o r t h  a t  40 mi/hr.. Just below i t ,  a x i l v  
v e r t i c a l l y ,  is a t r a i n  going 4 u s t  a t  t h s  s a - C  
r a t e .  A t  n h a t  r a t e  aru they separat in^ t h r e e  
~ i n u t e sl a t e r ?  539, milnr, 
6. A soap oubble remains spher i ca l  and i t s  dia-
aeter  incteases a t  the r a t e  of 2 c ldsvc ,  A t  
what r a t e  is i t s  volume Pncreasing 2 t  t h e  in-
s t an t  i t  becomes 15 cu,crn.? 29,4 cu .crn,/svc, 
7. When qas blows out of a container into a 
vacuum, it  blows a t  a r a t e  proportionzl t o  tne 
amount remaining. If t h i s  ra te  ~ d s10 g d s e c .  
when 100 gms, remained, now lonq a time elapses 
while h a l f  of t h i s  amount blows out? 0.83 ssc 

8 ,  A t  nigh mater t h e  gangway t o  a f l o a t ,  15 f t ,  
l o n g  i s  horizontal.  Ths  t ide  falls C versin 
f t  i n  the  next h nours. F i n d  the r a t e  ( i n  r ad l -
ans per hour) a t  wbich t h e  gangway i s  4urning 
a t  the end of 2 hours .. ,17 r a d h r  
9. The diagonals of a rectangle are  increasing 
a t  the r a t e  of 3 i d s e c .  and t h e  rectsngle is 
I sngthen inq  a t  the rate  of 2%/* i n  per sec. Mnvn 
i t s  dimensions aro 5 i n . x  1 2  i n . ,  how f a s t  is t he  
p l a t e  narrowing or  aidening? 
10. A s h i p  sails du@ north 10 m i / h r .  A stvamer, 
7 a i .  Soutb, 24 a i .  Aest, steams due d a s t  r t  
twice that speed. A t  whgt r a t e  i s  the distance 
between them d e c r e a s i n g ?  22 m i / h r  

11. An e l a s t i c  oalloon i s  b e i n g  f i l l e d  i v i t n  ;as 
a n d  remai s spherical  radius  increasing a t  
a r a t e  dr i fd t  = 2t/(5& ft/rnin, t oein; t h e  
nuaber of minutes since r was Zero, Hoa lone 



1 2 ,  f n v  aidv of a squars i n c r e a s r s  a t  a  r a t e  of 
iO ft /min. and i t s  area a t  the  r a t e  of 10 s q , f t  
per m i r i .  How large i s  the sauare? d"x6"  

13. i'no r ad ius  of a sphere inc reases  a t  a r a t e  
i n v z r s e l y  proport ional  to  i t s  onn l enq th ,  J e t  a 
forinula t'or .tne v o l u w  i n  tersis of t h v  t i a e ,  
11, An invertud Sone i s  be in i  f i l l e d  w i t n  water 
a t  a u n i f o r ~  r a t e  of 3 c u , c d s v c ,  I f  t h e  conu 
has a sea i -vdr t i za l  angle of 47' a t  wnat r a t v  
i s  t he  s u r f  i ce  r i s i n g  u ~ h v nth;: watsr nas reacheci 
a duptn of X cu.? 5 cmT 10 cc? .d3/x2 c d s e c  . 
1 5 ,  A revolving l i q h t  throws i t s  oeam along a 
s t r a i g h t  shora l i n e ,  i'he l i g n t  inakes three  com-
p l e t e  revolu t ions  per ~ninut3,  and i s  1300 E t  
f roa  shore.  k t  what r a t v  i s  t ne  beaa moving a-
long snore 4 s e c ,  a f t v r  i t  s t r i k v s  t n v  neares t  

3233 f t / s e c .  
16* k man i s  w a l k i n ~  ovur z b r i d g ~  a t  the  r a t e  
ok' 4 n i / h r ,  k boat pass3s under the br idqe  J u s t  
bs lox  h im.  I t  i s  towed o t  3 mi/hr and the  canzl  
1 s  perpendicular  t o  anJ 20 Ct beiow t h e  roadway. 
now l a s t  a r e  the r a n  and the  ooat separa t ing  3 
r n i n u  t e s  l s t v r ?  9.94+ a i / h r  

17, A c o u n t s r ~ i n kbores out  a con ica l  hole w i t h  
an angle  of 90" a t  i t s  v e r t e x ,  If the  a r e a  of 
t h e  con ica l  surface i nc reases  uniformly, show 
t h a t  t h e  d e p t h  i nc reases  a t  a r a t e  inve r se lg  a s  
t h e  d e p t h  and t h e  volume a t  a r a t e  d i r e c t l y  as 
t n e  d s p t h ,  
18.. Acceleratior- '$eine cpns%ant and cpeed and 
d i s t ance  being taken as zero when time is 
gero, prove d i s t ance  v a r i e s  as (time)'. 



diagonais  reaa in  unchan<erj i n  l e n s t h ,  A t  f i l12t-

f a t z a  a re  the  two s ides  chanqing wnen t he  p l a t e  
i s  4in.x2Cin.'r '  I r .a21 and decr .  ,104 iri/sec 
20, A 50 f t  laddef i s  oeing ra i svd  o y  hauiinq 
one end up t h e  s i d e  of a o u i l d i n ~w h i l z  tne 
o t n e r  end i s  drav~n a loo i  t h v  dround. IY t h v  UD-
per end i s  30 f t  aoove 2roun.l and r i s i n ~  2 7 ,  f t  
per a t  what r a t 2  i s  t h e  a n ~ l eo v t w e e n  the 
ground and t h e  ladder increasiriq? 3Xoper svc 
2 1 .  I f  t h e  acce le ra t ion  of a bociy var ies  d i -
r e c t l ~as  t h e  speed, s h o , ~t h a t  bctn speed a n ?  
iiistsacc: a r s  exponen t i a l  f unctions of  t LIE t i a e  

22. When a ch ip  is placed i n  a zurrent  and rs-
leased,  i t  j b a r l s  from rvs t  ~ n lr ;c ; iv~ i an X-

c e l e r a t i o n  propor t i c ~ i a lL O  t h v  d i f f a rence  b e -
t w e e n  i t s  o,vn speed and t hq t  of t he  ri,it,r, I f '  
t he  c u r r ,  i t  fnakes 8 a i /n r ,  a n d  af ' ter  i?;.li"a 9 3 ~ .  
t h e  hip i s  )*in< 6 mi/nr, snoc t n a t  Li!v pro-
p o r t i o n a l i t y  i a c t o r  i s  ,,E79 f o r  un r t s  i n  x i l e s  
and hours. 

23, k man, 6 P t  n i 2 h  walitini a t  t L e  rat2 0f 
3% n i l e s  an hour, p a s s v s  unuer a l i g h t  2 5  f t ,  
above h i s  path, whizii i s  s t raiqht i  and l e v e l ,  
Ust  a ? e n s r a l  formula i n  tcrms of t ( t h e  num-
ber of minutes s ince  hv was under t h v  l i j h t )  
f o r  tne l enz th  of h i s  shadon, and f o r  t h e  r a t e  
ab which i t  i s  lengthenine.  
2 4 >  k c i r c u l a r  meta1 p l a t e  expands so t h a t  i t s  
r a d i u s  inc raases  1V2 m d r n i n :  a t  wbat r a t e  does 
i t s  s r ra  inctease wheil tim radius is 5 cm? 
25, Ihe  c o s t  p e r  m i l u  of running a steamboat 
v a r i e s  a s  tilv cuj:: of the speed. Prove t h a t  t n e  



cost  par hour varies as the four th  powvr of the 
speed. 
20. Napiar's p o i n t ,  F, approached a  fixed poirLt 
F, a t  a r a t e  proportional to the distancv FF. 
3 h ~ wthat  the formula fo r  PP' involves an exp0-
nunt ia l  function of the time. 
27, 3a te r  is poured in to  a c o ~ i c a l  cup a t  the 
r a t e  of 1 4  and f i l l s  t t i e  cup i n  11 
sec. If i t s  depth i s  then 7 Cm., how f a s t  was 
1h5 tvatzr-level r i s inq  just before i t  overflow-

,212 c d s a c ,  
2 3 ,  A stone f a l l s  16t2 f t  i n  t sec. An observer 
on a i eve l  w i t h  the point from which i t  Falls 
a n 3  64 f t .  d i s tan t  fo l lons  its faP1 w i t h  a 
xounted celescope. A t  what r a t e  aust  t b z  tele-
Seal;= ro t a t e  a t  ths ends of the I s t ,  %nd, and 
: j r d  s~conds?  .4'70, .50C, .S47 r a d i a n d s s c .  
29. D2Sucv a formula fo r  cen t r i p e t a l  accelvra-
tiou i n  t h i s  . a n n v r :  Porffi expressions f o r  the X 

2nd y of a -eint revolving about the or ig in  i n  
a c i r c i v  of r a d i u c  3 Cm. with an angular speed, 
constaut ,  of w (omeqa) radians p s r  second. F i n d  
norizon Lai and ver t i c a l  accelera t ions Dy d i f -
f e r sn t i a t i ons ,  and shoiw t h a t  tne i r  resultant 
pointa toxard t h v  origin  and tha t  i t s  iriagnitude 
i s Ru2 cm,per sec. pvr sec. 
3 0 ,  riiv accelvration of 2 meteor i s  inversely 
a s  tiiu Square OE i t s  distance Eroa tne  e a r t h ' s  
center ,  Dein2 1/105 mi-per sec. prr sec. a t  the  
surface, 4030 r n i .  Prom the  CENPRE,  If i t s  speed 
ivas mi/sec. when 3000 miles aoovs the SUR-
F K Z ,  & t i ~what. cnved does i t  s t r i ke?  4& rni/seo 

Note. Fo i n t o g r a t s  dv/dt = ?k/xg iuu l t ip ly  the 
geoon member b y  dx and the lxrst b g  it9 gqu.1, rd t  ?v=fbpeed). F h i a  q i v e s  V dv = - dx X . 

4 



91. A man is 3 f t ,  n i e h  and t h e  sun i 3  sinkin4 
a t  t h e  rate of 2 O  per min. A t  what ra te  is his 
siiadon l e n g  trivning wtien the sun is 13' aoove 
t h e  norizon*? 5 92 f t / z iu  

38 ,  If t h e  r a i t :  a t  nr l i ch  a quantity i nc reases  . i s  propor t ional  t o  the aaount a t t a ined ,  show 
thaC t h e  qrapn  r e p r e s v n t i n g  its growth sust be 
of  t h c  y..,aSX t y p a ,  
33. Force in 3ynes e u u a l s  mass i n  d r am t i n e s  
acc~lerstioni n  centimeters pt3r s e c o n d  ~ V PSZC-
ond- Peducv a f o r m u l a  f o r  cen t r ipe ta l  force I n  
t h e  [o l lo~ i ind manner: Make n formula f o r  t h s  
v e r t i c a l  n v i i n t  of a p ~ i n tmovin~~ r s u n da cir-
c l r  of r z i i u s  d sm., w i c h  spzeid V c d 3 2 c .  
Fr02 t a i s  f i n d  v s r t i c a l  speed and v e r t i c a i  ac-
ce le ra t ion .  Tna centripatal oicceleratiotl r ay be 
found Dy t a k i q  the ver t i c a l  azceleration a t  
t n v  instant t h a  movin3 p o i n t  is 2 t  t h e  dottom 
of t h s  wneei. 
3 4 .  Tbe d i f f 3 r v n b i a l  cf work ionz b . ~an expand-
ing gas is proportionai tu t n z  pressure a n d  t h t  
i i i F f m e n t i a 1  of v o l u ~ e ,  Show l h s t  i n  c-rse 
tri@gas i s  confinert to a c y l i n t i e r  a r ~ ( j~ u s h e son 
a piston,  the R o r K  4one var ies  a s  In2 l o ~ a r i t h ~  
of t h e  r a t i o  oF i n i t i a l  arid f i n a l  l e n g t h s  of 
tne p a r t  of the c y l i n d e r  a c c u p i s d  o g  tce gas, 
providvd tbe Qas ooeys Boyle's L a 3  the  volume 
times t h e  pressure  c o n t i n u i n g  constant. 
3 5 .  Locate t h e  h i g h e s t  p o i n t  on tb Carclioid, a 
curve wbose equation is p = 22(l - cos9:. 

3=L20•‹,pa3a, height =2.698a 



Separate  sach of the f o l l o w i n g  i n t o  t ~ i o  terms 
a,nd i n t e g r a t e  sacb: 

4 

I n  ruiiucin! to  a r c s i n z  a n i  s rc tanlvnt  i o r ? s  
f i r s t  d i v i i c  t h c  denomina to r  s o  ::r t o  sezurv 
the L of the f o r m u l z  znd o f f c e t  t h i c  d i v i s i o n  " * I 1  

o y  a fac tor  cutc i .1~.  l a z n  ? ; r i t e  the olhtr L-vm 
of  the * l e~~cz ina to ra s  n squa r? ,  2n.i a t i i i i p l y  
the  numerntor s o  a s  to  ~ r o d u z sthe d i f f v r u n t j i l  
of  ths  quan t i ty  t h a t  i s  s q u a r c 3 ,  ~ n do S f s e t  Lhz 
~ u lt i p l i c a t , i o n  Gy anati lzr  Eac t c r  o u t s i d ~ .  IRen 
s p p l y  hhe forniula and , , r i t z  t i l ~i r i L c j r a 1 ,  J'hu,: 



pr5ssed a s  a product, a f r a c t i o n ,  z power, o r  a 
root  xay soaetimes W mads vas ie r  i f  onu i ' i r s t  
t a k e s  i t s  loga.rithm ancl s iv ip i i f ies  i t 
t o  one .of t h e  transPormcrtions:. 

log,(P. 3 )  =. l o g  F + 10.4 S. log BR =. n- log  3 
l o g ( n / ~ )  = log L\: - 102 D. i o g n f l  =. % l o g  

p h u s ,  r,equired d [ & / ( l - X ) ]  . P u t  y E. m(l-x) ,  
,then log y = "4log x - log (1-X) w h i c h  qivvs:

WY = 1,9dx/x - - - i ~ x / ( i - x j .  ~ u l t i p l yoy. y 
j l  ~ I / Z X+d l ~ ~ [ f i / ~ l - ~ ) I ~ d y ~ l d ~ / ( ~ - ~ <l/(i-x j ;  iA( 

= (''+.<)/[.8/;(i-;,;) ~j 

following cases  f i n d  dy i n  terms .... 
making use o f  log y s impl i f ied :  % 

[ ]13. J F X ~ 23. Y =1-X'~ Y,  2 7 ,  

i ~ 1 & ; 3 k i L Q d  d f  PARTS. Ac shown on page 49 the 
tdntegral f o r a  gf  the product formula may b v  put 
thus : .  JF'*dS =. - F 0 f d S  - fS*dP  
r o  v i ; - l y  t n i ;  foraula vic? t a ks  o u t s i d e  t h e  /si;n 
one o t  t:iv f a c t o r s  ( the  " F i r s t  F a r t "  F )  of t n s  
q u a n t i t y  icaidv, t a v n  o f f s e t  oy  following this 
b y  e c i n u s  s i ~ nand an i n t e < r a l  siSn, thus 

and undsr t n e  fsiq11 put the WO factors: .  C ,  dF: 
S i c  t h e  worked out r e s u l t  of ths  i n t e 2 r a l  

, just  preceding, tna t  i s  t h v  I d S .  
ir"is the  d i f f e r e n t i a l  of the f ac to r ,  F, 

t a k e n  ou t .  

V 



She p a r t  taken o u t  s h o u l d  be someth ind  w i t h  a 
s i m p l e  d i f f e r e n t i a l ;  t h e  p a r t  l e f t  i n  s h o u l d  be 
sornething w i t h  a  s i m p l e  i n t e g r a l ;  so t h a t  the 
c o m b i n a t i o n  of t h e s e  i n  t h e  new i n t e g r a l  may be 
e a s i l y  i n t e g r a t e d .  Thus: 

If t h e  new i n t e 3 r a l  p r o v e s  l e s s  s i m p l e  than  
t h e  o r i g i n a l  one, the vircng p a r t  has  p r c b a o l y  ' 

been  t a k ~ n  o u t .  ' fhus:  
j x - s i n  X-cix =' s i n  x * l d x  - J ' / ,x2*cocx*dx 

l o r k  o u t  b y  $ n r t s ,  usi izg  f F o d S  = E ' ~ ~ S - \ S * ~ F  

3 1  J y c o s  y - d y  :35 / a r u s i n Z * d Z  39 [ x 2 * s n * i l x  
32 / s * s i n S s * d s  36 / x * e X * t i x  40 J106 4xgdx  
33 j x - l o ;  x * d x  37 j x * e Z x * d x  4 1  f x * c o s U x g d x  
34 f a 2 * s i n e - d e  38 J x E * l o g  x b d x  42 JVarcsinV'dV 

TiqO WAY IKTEGRALS. l h r e e  i m p o r t a n t  t ypes  cf  
i n t e g r a l s ,  f o r  example: 

j s i n 2 x * d x ,  I&- dx,  J e x * s i n  x 0 d x ,  
rihen i n t e g r a t e d  by  parts g i v e  a nev; i n t s g r a l  no 
s i m p l e r  t h a n  t h e  o r i g i n a l  i n t e q r a l .  I n  t h e s e  
c a s e s ,  hoviever, t b e r e  is-a second wag of  trarrs-
fo rming  f rom t h e  g i v e n  i n t e g r a l  t o  t h e  n2c in-
t e g r a l ,  and t h e  t n o  t r a n s f o r ~ i n 2  e q u a t i o u s  per-
m i t  u s  t o  s l i r ~ i n a t e  t h s  new i n t e g r a l  and soive 
f o r  thv  Ziveu  one.  Hcrv a r e  t h e  t h r e e  t y p z s :  

-i 

/ s i n 2 3 x *  d x = s i n 3 x J s i n 3 x 4  dx  - I ( - Y 3 z o s 3 x ) c c s 3 x * 3 ~ ~  
=-Yssin3x*cos3x + ~ c o s 2 : j x * d x ,  A2ain:-

f s  i n 2 3 x * d x = j  (1-cos a3x).d x  
=Jdx - Jcos23x .dn  



- - 

Add tne tivo equations,  trius c a n c e l l i t q  the 
i n t v e r a l  i n  cos23x, and d iv ida  o y  2. P h e n :  

./sin23x = x/2 - 1~8'sin3x*cos3x+ A 

= X/= + jm Again: 

dx/J= dx = [--- X 2 d ~
5Jirxl dl-X-Z 'W 

= a r c s i n  x - X 2 d ~  
j./w 

Ad3 thv tvro equatjons,  and d iv ide  o y  i, then: 
J&?' dx = l(,[x/w + a r c s i n  x]  + A .  

-- a a ~ s i n  - 2Je2x  s i n  x * d xV 

/eaxcos X *  dx=cus x/eZxdx - ~ ' / , e ~ ~ ( - s i nx * d x )  

'/,eSxcos x + ~/nje%'sin x * d x  
M u l t i p l y  thv sscond equat ion by 4, add i t to  

t h e  f i r s t ,  and d iv ide  5y 5, and ne have: 
/ e 2 ~ c o sx e d x  = % e 2 ~ [ s i nX + 2 cos X] t A 



DEFIUII'E INTEGRALS 

r he  i n t e g r a l ,  j f ( x ) d x  + A ,  i s  c a l l e d  a n  I?: i )$P-

INITE i n t s g r a l  on account of t h v  unhown con-
s t a n t  of i n t e g r a t i o n  i t  contz ins .  

I f  we nave dy=f  (x )dx  and i f  f ( X )  chanqes con-
t i n ~ o u s l y  a s  X chanqes from one value t o  a n o t n -
e r  ( s u y  f rgn  x=a t o  x=b)  t h e  corresponding 
a i n ~ ~ n tof 'change i n  y is found by subtract in , i :  

[ j f  ( x ) d x + ~ l  - [.ff (x )dx+bl X=a 
rne undetermined constant ,  A,  cancels out-, 2nd 
t h i s  more compact nota t ion  w i l l  be auapt3d:  

~::tf  ( X I ~ X  OI. ra ~ ( X M X  

r h i s  quant i ty  is c a l l e d  " t h e  DriF'INil r I:li 4 '  ; 
oP f (x)dx from x=a t o  x=b."  

f ( x )  i s  c a l l e d  the"Id'I'EURAflDtt, t ~ i eX i s  tr,:: 
" v a r i a b l e  of in t eg ra t ion" ,  a i s  th; " l o t v t ~ rl i ~ -
i t "  and b i s  t he  Itupper limit". 

In evaluat ing a d e f i n i t e  i n t z g r a l  iiot: t i i v  

C3DZR of t h e  operations:,  
1. get  t he  i n d e f i n i t e  i n t e g r a l ,  
2, q e t  i t s  va lue  a t  t ne  uppvr l i r i t ,  
3 ,  get i t s  vaiue a t  t h v  lower l i ~ i t ,  
4, t a k e  t he  former ainus t h v  l a t t 3 r .  

iYhen thc i n d e f i n i  ts i n t c q r a l  hzs b v v n  found, 
u s e  a HALF BRACKE'I', " I " ,  t o  ca r ry  t b v  l i x i t s  
u n t i l  t h e y  have been s u b s t i t u t e d  i n :  t h u s  

J:?x du  = X ~ + ~ ] 2= ( d * t , + ( p + n ) = + l = ~  
1 


IP t h e  IiAIFlAL c ~ n d i t i o ni a  t h a t  y=Q vibsn x=a 
i ~ 3nave i n  63ilera.i 

= J; f ( x ) d x  



2 c o n s t a n t :  i t  i a  t h2  correct  cons tan t  i n  tnis 
c a c e  3ecaus2 v,nen t h 2  X oP thu u p p e r  limit has 
t h e  v a l u v  x = a ,  t112 1 f ; t ' i n i  t e  inte;j ' ral  rzducus  t o  
xs ro  2 n d  i . .uc ,  c a t i s f i . : ~  tne  i n i t i a l  cond i t i on .  

t i 7 l  c o ~ i iIf t h v  i ~ i i  t i ~ ni s  that  y'y, when X= 
X ; r I L i o r  siiilar reasons: 

h:kv t ~ a tLnz q u ~ a i i t y/if ( t ) d t  d o p e n d c  u p o n  
tric X i r i  t r j ~u p ~ 3 rl i r i t )  o u t  .IO~ on the  t i n  
t n t r i ,  ; , n ~ c c  i i s ? ~ p ; a r s  i n  tne s u ~ s t i -
t u t l o n s  In ~ a c tt n e  i i~t- l<ra.kjust  mentiohsd is 
t 1 i 3  saxe as W i x  or  l a f ( z ) l z .  

In r v a 1 u c t i : l r  - j = r i c it v  i n t v i r a l s  i t  must oe 
s k e p t  i i j  r i i l ;  t r i i t  / . l v / v  c a l l s  fcr 1o;larithrcs t o  

tlis D a s *  Y'< '713+, a n j  tn?t  ao t r ,  j d d - arid 
f ; v / ( l + v P )  c?il i3r ttic numsr O E  rodiar i s  i n  
ti13 s rcs ine  or t n z  .;rctaii?vi;t. (See pages ISC-61) 



use d , e f i u i t e  itzte.qraLs i n  s o l v i n g  t h s s e :  
9. If d y = 2 ~ x x . d x ,  how much does y i n c r e a s e  a s  

i n c r e a c s s  Erom z e r o  t o  tbree? 9% 
10. F i n d  y when x=2 i f  iiy/dx=2x2 and i n i t i a l l y  
b o t h  X and y wer$ e q u a l  t o  one .  
11, If dy/dx=f (X) and ini t i a l l y  x=x, and 
j u s t i f y  t h e  equatio'n 

y, = Y, + I:: f ( x ) d x  

12. If x 0 d v = ( v + l)dx  and v = l  when x=2, f i n d  V at  
t h e  i n s t a n t  when x=3. 2 .  
13. Yiven dy = 2y  ds, and i n i t i a l l y  s=l 
and yz3. Show t h a t  s = c o s [ l o q ( f i ) l .  
14 .  Hovv such does a c u x e  r i s e  between x=i. and 
x=lO i f  dy/dx = 1+x2? 342. u n i t s .  
15. How auch does y j a i n  i n  va lue  between x=i  
and x=lO i f  d d d p  = 1+x2? -6836 

5 



A c ~ r t x i n  type of arva i s  of 2rvat importance 
on acvount of i t s  use i n  t h s  representa t ion  of 
0 t h ; ~ -q u a r ~ t i t i e s ,  as g e l l  a s  Decause a n y  a lane 
z rea  szn d u  i i s s3c tvd  i n t o  a reas  o i  t b i s  t::pt. 

1t i s  - r l l t s j  the BRX.1 ci;[]x,7 !J ZUL<\!& 
en5 i s  ooundv3 as f o l l o n s :  

o y  th;: curve a t  the  top 
Dy the X-anis a t  ths  oottor: 
oy ver t i -cz l  l i n e s  a t  rizt,t  anci i e f  t  

Kithvr of thz vert,ical boundariec may 
deqzneratv i n t c  points ,  a s  i n  Ihe lo;.;er f i 2 u r e .  

I'heru arv txo importan t ioiays of approaclii.ng' 
t h e  proolv i i  of rieterninin? such an a rea :  

I s t .  Vonsi:i?rin: i t  as a s p z 2 i a i  va luc  cf 
a variable arez  ;rhose r a t z  of incrzase 
,;J? can l i t  Fram the zurve q u a t i o n .  

2nd. Gcnsidering i t  a s  t h u  1ir ; j . l  of 2 suir, 
of a s e t  of rvctan:les. 

b 

Both ~ e t h o 3 s  lead to 2 d e f i n i t e  i n t e g r a l :  :Je 
f i n d  tha t  the area  undur y = f ( x )  f r o a  x=a t o  xqb 
i s  equal to  jabf (X)  dx 

I t  muct be understood tha t  bvtneru these lim-
i t s  the curve is continuous and  i o a s  not  d i p  
05iov! c he X-axis . 



~v rG,>rns=nts-io y  the functional  s y ~ b o l ,  P. (V), 
t h z  dzs i rv i  a r ea  3 y i n z  A(O ), vihile k ( a ) = ~  i s  
t,hd conl i l ion to be used Por d e t v r ~ i n i n 2thv 
,:onstant of in tzgrat ion.  Ye can f ind the d e r i v -

tigv oP k ( v )  o y  the  F u l l  Frocess (see pase  2 1 )  
2 :  ~ A ( v )= th; s t r i p  of area 
s t a n d i n g  on the Av. 
G&: rhis s t r i r :  divid24 b y  /iv 
must g ive  th? rveraqe n-ight of 
tne eurve a t  . t o p  cf thr s t r i n ,  
P : .  #h$n av ovcolne!~ t h v  i n f i n i -
t e s i m l ,  dv, t h ~avzra ;2  , 3 i ~ I l t  
ot' t h u  s t r l g  x u s t  arjFi.o?ci! 2 s  a 

l i a i l  thc  p of the curve ou ths  i e f t  ; i f z  o f  
t h e  s t r i p ,  t h a t  is ~ ( v ) ,  t h v  zurve being y" t  ( X )  
f ience +ie navz s t  tnv l i r i t  tn? e?uati.cn 

d : ( V )  = f ( " j )  and f i nz l l y :
,?'V 


G : .  d A ( V )= f ( v ) . d v  
Phon ,  intvqrat in2 t n i s  foraufa, and f i x i n 6  

t h e  iower: l i i n i t  a s  on pa<s 7e, %e hsv r :  

F i n a l l y  l e t  vsa  be t n e  u p p e r  l i i ~ i t ,sind i.:e q e t  

Tha t  i s :  area under  a curve f r o a  x=,a t o  x=b i s  
tne A e f i n i t e  in tvqral  Eroa; a t o  b of (dx)x{tne 
value for  y found f r o i ~t n v  curva vquation,)  

II 



~ a s a sa r e  t h s  dx's and uhose  s l t i t u d v s  z r e  t h v  
s u c c e s s i v =  y ' s  of t h e  c u r v e  y=f (X), t h a t  i s  

11' we fora thv- produzt  of Oase an3 a l t i t u d e  f o r  
each rect a n q l a ,  t hesv produc t  s 
x i l l  a l l  b e  of tne  same t y p e :  
any one can  oe rvpresented Dy 

f ( ~ 1 . 4 ~  
and t h e i r  sum by t h i s  symbol

. I  . .' I . < 2; fix).dx 

X oeinq o y  t u r n s  aoss i ;cz  of t n e  
l u f t  c o r n e r  of ezcn rectzn?l2, 

%hvn every iix. apptoaches zero ,  and  n  becoaxs 
i n f i n i t $ ,  t i i v  s u x  of th i3  set  ot r v c t a r i g l ? ~ap-
prosch2c  e ;  a l i z i t  t h z  a r e a  unde r  t h e  cu rvz .  
?ie F.ay i n d i c a t e  t h i s  limit by t n v  n o t a t i o n  

L T i f l l  2;:: f ( x ) . I x  

By t h a  help of t h e  i n t e g r a l ,  j f ( x ) d x ,  we nay 
s o  t m n s f o r m  tn i s  sum as  t o  a c t u a l l y  perform 
t h e  additior-i  2nd f i n d  t h e  l imit.  'The i n t e g r a l  
j f  (x)dx, i s  2 iiew Punctian of X, and we w i l l  
r z p r e s e n f ,  i t  b y  t h e  f u n c t i w a l  syrnbol ~ ( x ) ,t h u s  

j f  (x )dx  F ( X )  

Sincu a v a r i a o l e  and i t s  LIMIT d i f f e r  b y  an in-
f i n i t e s i m a l ,  v~eaay  w r i t e  t h e  l a s t  e q u a t i o n  i n  
t h e  f ~ i l o w i n <form, E o e i n j  t h s  i n f i n i t e s i m a l : .  

+E ( x )  -- ~laiild-mF 
d xso ttrat 

f (x).dx = ~ ( x + d x )- !'(X) + ~ . d x .  



T h i s  r e s u l t ,  u s ~ da s  a transformation formula 
f or  each term of thz sum i n  question, 8y takinp 
X as =2, =a+$x, =a+2dx, ... i n  succvssion ::ives 

f (a )*dx  ' = ' (a+dx)  - z ( a )  + E , * ~ x  
f(a+dx)'cix = ?,(a+2dx)- j ' (2+dx)  + &,*dx 
f ( a t % x ) *ds = ,I(2+33x) - F.(a+2dx) + ~ , * d x..... .,.C ... 5 i ~ . ,  t~ 

jf (b-~x)*dx = ~ ' ( 0  - ~ ( b - d x )  + E , * ~ x  

Gn addin; thsse,  rcany Lsrrns canzr l  and vie have: 

noiri E'(b)-F(a)  i s  the ulef i n i t e  i n t z q r a l  ,J:f(x)4x 
A L >  f o r  the dx{sum of the E ' S ) ,  i t  cannot ~ x c s e d  

dx{n times the 1zrGest E )  

o r  n - d x  times { the  l a r z e s t  e )  
or (0-a) tircvs ( t h 4  l a r ~ e s tE ) ;  
s ince  the i a r g e s t  E i s  an i n f i n i t e s i e a l  t h i s  
term disappears w h e n  we t 2 k v  tne l i m i t .  Eeccv 

Each terrr f ( X  dg3  in tlic sum is 321 infini-
5tesimal a d  t h c  or  l n i t e  i n t e : l r a l  ic t h e r c ? o ~ . c  

tho LIVLT of  s of a 8 t of2 I ~ U I N I T E S I M A L S ,  
eaoh being oi the t y p o  f(x7dx. 

Before atternpting - to  a p p l y  t h i s  r e s u l t  to  khe  
iv terminat ion  of an a rea  undvr a curve i t  i s  
advisaolc and o f t s n  imperativ2 L G  F L C r  t n e  par t  
of the  vurve i n  quest ion w i t h  suf f iz ien t  -are 
t o  maka Sure tha t  i t  does no t  

1, havs a ciiscontinui ty, 
2.  d i p  ~ ~ l o wthe X-asis, 
3. ru turn  ucdvr i t s e l f .  



curve  y=x(3.-x2) ?CF). t h ~c lua s i r a r l t  avtaven ~ I J P  <-
a:<is o  

'The curve c u t c  tli; X-zxis ab x=O 
~ n 3X = ] ,  l y i n <  a o o v e  i t  continuous- 
l y  b u t w v n  t k s z  points ,lRe 3rea  
of t h i s  a r ~ hnust be  s i v e n  by 
J ;X (1-x2')cix =.-i/,.(l-x2) 21 ;= 0 - (-X 1 

Hence the  area - one - q u a r t v r  of t h e  u n i t  square 

f i r a a  a d i a j r a m  f o r  c n c h  f lrobleir; .  P L o G  t f i e  
f i a r t  of t h e  c u r v e  r e q u i r e d  am-i s h a d e  t h e  a r e ~  
t o  b e  f o u n d ,  T n d i c a t e  t i z e  ~ ' ~ o r i z o n t n l21:d v e r t - r -
c a l  s c a l e s  u s e d ,  attd n r a s  a u,i.irit s q u a r e  o r  so:ie 
p r o f i e r l y  l a b e L L e d  r e c t n t i < i L l a r *  n r e a  ( d o t t e d )  t o  
slzo:v t h e  s i z e  o f  Lhe n r e n  u n i t  in .v!;icii I;l:e r e -  
s u l  t s  a r c  e x h r c s s e d .  " s e e  p a o e  57 
1. F i n d  t h v  a r z z  of a p i v c o  of z p a r a b o l a  be-
t a e en  y=$x, Y=@, an3 x=i. % / 3 Square u a i t s  

2 .  F ind  t h e  a r s a  of one a r c n  O E  t h s  si , iusoid o r  
w i v e  c u r v v ,  y=s in(X). 2 s q u a r s  u n i t , s  

* 3 .  C'ind by i n t e<ra t io i l  t b e  arva utider tRe l i n s  
2y-x=O fron! X=% to x = G ,  and  cnecic t h e  r 2 s u l t  oy  
ca l cu l a t i n<  the sase ar$a uy the t rapexoic l  r u l e  
navz ly ,  na l f  the sua 01 t n c  p a r a l l e l  s idss  xui-
tiplizd o g  tne perp3nl icu lar  d i s  tauc2 bet:~$sn 
t hem. 
4 .  KzKing use of t h e  v a l u z  2 i v = n  f o r  t n v  i n t w  
Gral ~'iI^xl.dx O n  PS<- 77, find t he  zr-a o f  Lhe 
f i r s t  quadrant oF t h v  c i r c l c  x 2 + y 2 = 1 .  
5 .  Find t h e  s r v a  u n d v r  t h u  curve  y2=x3 fron: x30 
t o  x=3. 37.2 c q u a r e  u n i t s  
6. Find  the  area un4er t n v  persbola y2=;Zpx from 
t h e  o r i q i n  t o  t h 2  v e r t i c z l  a t  x= lVp.  72p2sq.un. 



7, ~ i n dthe area baunded Dy the hyperbala xy=8 
t h b  X-axis and the ve r t i ca l s  st x = l  and x=B, 

IO,/s square d d L s  

8. A S  t var ies  from t= l  to  t=3, t n e  pa i r  of pa- 
(X ;. t-1 

rameter equations y = a(3- t )  J ives  a s t r a igh t  
l i n e  eu t t i n?  o f f  a cornvr of the f i r s t  quadrant 
Find t h e  area of t h i s  iece by  in tegra t in  

( the  y O E  t h ~  Pxi the  dx of tRe curvsf  ,~ u r v e  
s x g r u s s i n 2  both fac tors  i n  terms of the v a r i a ~  
Dle t and u s , ~ i g  appropriate limits fo r  t .  

6 square u n l t s  
= a i n a e

Y .  (~ iveni; = oo.8, a parameter pair: as  3 i n -
crvases i r o s  8=,0 t o  $ = r ( / S ,  the point (X, y )  w i l l  
t r a ce  a p a r t  oF a patabola from ( O , l )  t o  ( l , O ) ,  
F ' i n l  t n v  i r e a  under t h i s  par t .  2/3 sq.units 

P O .  F i n d  the area between the curve x+yS=JO and 
the  y-axis (N.S. not the X-axis as i n  the other 
casvs)  from t h s  horizontal a t  y=l to where t h e  
curvs cuts  the y-axis. 0.408 sq.units .  

If a curve, y=f (x ) , l i e s  BELOr/l TME X-AXIS from 
xfa to x=br the Eormula l k f  (x)dx  gibes t h e  neg-
a t i v e  of the area between the curve and the ax-
is. For i n  the theory on pages 31-84 i t  was as-
suaed t h a t  t h 3  dimension-s of each inf in i tes imal  
s t r l p  wvre signless,  wherezs i n  t h i s  case the 
v e r t i c a l  d iwnsion of ezch, Laken a s  y or f ( x ) ,  
i s  negative, Hence i n  t b s  case of zn area below 
the X-axis the  Eormula w i l l  g i v e  a MIMUS sign. 

Nhen &e are concerned only w i r h  AVPUAL AREP 
t h i s  m h u s  mst  be ignored. I f  the curve l i e s  
pa r t l y  obova and par t ly  bslow the X-axis, tne 
oorrsspondin$ par t s  af the area are  fou t~dsep-



a ra t e ly  an3 c o m b i n e d  as  i P  each were s i ~ n l e s s ~  
Examplz: ?;nd t n e  ac tua l  area o e t w e e u  y=3x2-3 

2nd tbe X-axis f rom x=,O t o  x=2. 
, Flot t ing  the curve i t  i s  found 

t,o 1i.e b r low t ne  X-axis from x=,O 
t , ~x = l ,  -?d aoov:: from x = l  to X= 
4 I.'hz tno par t s  of t h e  area are  
~ h v r e f o r ~Sound s e p a r a t e l y  from 

, t n e  two i c t u S r a l s  
j i  3(x2-1.) dx = -2 

f: 3 (x2-1) dx = *4 
r h z  t o t s l  area i s  $hvrefore L+4 or 6 sq. u n i t s .  

11. Find t h e  a c t u s l  s i?n lsss  a r e a  b e t w u e n  Che x-
axis 2nd y=,4(x-l)  (X-2) 213 sq,units 
12, F i n d  t h e  z c t u a l  a r ea  enclosed o y  the curve 
y=~/(e-~2), t h e  x-zxis ,  a a d  t n ?  l i n e c  X=-1 and 

bxf2 .3528 sq. u n i t s  
3.3%F i n J  the z r u a  o e t ~ , s e nt h t  e u r v e  &+dy = 6; 

. and the t m  coorriinate axes.. '/aa2 sq , u r i i t s  
34. Shoiri t h a t  tiie e , i t i r e  a r e a  oounded by the 
eurve y2 = x2(a2-x8j 1.s T3a2 sq~lzrc:units .  
15, Fin.4 t h e  a rzz  fram x=O t o  x = a  undvr  t h e  
Ca tenarp, ,y2, ( , da  + ,-x/a j 

a 2  (e"1-J J2e or  1.l 'Ea sq. u n i t , ~ .  

y-axis a n d  t h o  h o r i z o n t a l s  a t  y=2 and  y=4.
2.3797 s q . u n i t s  

27. Fjnd the area encloszd oetween y=,x4-16 a n d  
t h e  X-axi s. 51.2 s q . u n i t s  

18. F i n d  t h e  a c t u a l  i r e z  betv~eant h e  parabola  
y =. ~~-3~+1'2, X-sxis, and t h e  verticals atth:: 



x = l  and xz.9. 13% + 10Y' + 27 =. 40 sq .uni t s  
19. ~ i n d  t he  a rea  of one arch of the  curve y = 
s in2x,  the  absc issas  being p lo t t ed  on a s c a l e  
of rad ians .  1.5708 sq. u n i  t s  
S O .  Find the  a r e a  of a quadrant of a c i r c l e ,  
u s i n g  l;hs parameter e'quations: , x=a0sincp 
(See 8 on page 3 5 )  {y=a. cosp 
'21. Find the  a rea  of one loop of t h e  $rapil  of 5 

=, x2  (X*-I ) . 213 sa. un i t s  
22. Find thu a rea  between the parabola y = 4/,x2 
and  t h e  l i n e  y = x .  2% sq .un i t s  , 

2 3 .  Find t h e  a r e a  i n c l u d e d  bvtween two pvrabo-
l a s  y2=2px and x2=%py.  sc:.units 
14..  Find the a rea  under the  curve 1-y=,x2y from 
x=.O t o  x=l  . .Y854 cq.uni ts  
2 5 .  Find tne  a rea  enclosed by the curve whose 
equat ion i s  y=,4x/(9-x2), the X-axis, and the 
l i n e  ~ 2 , %lo$(8/,) o r  1.175 sq.units 

26. As t  var ivc  frorli t=1 t o  t=5 the equation- 1 

p a i r  X = t2-t 
{ y  = 5t - t2  gives a  parabol ic  curve cut-

t i n g  a pivce f r o a  the  f i r s t  quadrant.  Find the  
ar2a of t h i s  pisco.  (See 8 on Page 80)  

32% sq. u n i t s  

2'7. Find the  a c t u a l  s i z n l v s s  a r e a  between t h e  
curve y=x (X-1)(X-2) ( X - 3 )  and t h e  X-axis. 

49/30 sq. uni t s  

28. Hovi nuch area i s  enclosed Dy the  X-axis and 
t he C u r v  e y= (X-1 ) (X-4 )? 4% sq .un i t s  
2 9 .  Find tne a c t u a l  omount oP a rea  enclosed oy 
t n z  curve y=x (X-1) (X-2) and the  X-axis. 

Y 

30. Bind the area bounded j y  y = d G ,  t h e  x-



1 

1 - 4 2 ~ - F o r  v e r y  nearly 1 sq.unit 

3t h c  arca b ~ l n e c ~ :  curvc 
n n i Y i t s  a s y m p l o t e  is rcact Zhc 

~ = o a c h e d  b y  a 5 l o s c d  
area m i tlirnit %Epone b o u n d s r g  parallel. 

31. F i n d  t h z  zrvz under Chu zurvc  x y 2 = 1  f r o ~  
t h e  asymptote  t o  t h ~l i n u  x=l. 2 s q . u n i t s  
32. F ind  t au  a r e a  u n d e r  y = 3'" froffi  x=O t o  x=m 

1 sq.ui1i.t 
33. Find the area . i n  t h e  f o u r t h  a u s d r a n t  bu-
t s e c n  the z u r v e  x y * = ( ~ - l ) ~  t he  axs s .  

4/3 s q . u n i t  
34. i ' ind thc a r r z  under y=l/{a f r o a  x=O Co x=25 

10 s q . u n i t s  
35. S h o ~t h a t  t n e  arva  bstnuen a h y p e r b o l a  2nd 
iCs asymptote i s  i n f i u i t v .  



INTERPRETATION OF SLOPES A J D  AREAS 

When a funct ion i s  represeated 2raphicaLfy i t  
i s  usual  t o  ernploy the  hor i zon ta l  s c a l e  f o r  the  
CONTROL v a r i a b l e  (or o f t en  f o r  TIME).  On these 
diagrams i t  i s  not in f requen t ly  t r u e  t h z t  ei-
t h e r  the  ULOPE of t h e  curve, o r  the  AREA under 
the  curve a l so  represents  some physical  quant i -
ty  connzcted n i t h  t h e  one whose v a r i a t i o n  i s  
reprvsented by the graph. 

For exanple, considur  a 'lirnu-Spved diaqram: 
t h a t  i s ,onv  i n  vihich time i s  l a i d  off  on tns 
hor i zon ta l  axis ,  and t h v  corresponding speeds 
p l o t t e d  v e r t i c a l l y .  30th t h v  t i xe - in t eg ra l  and 
the  t inv - j e r ivs t ive  of spved zre  well  known 
q u n a t i t i e s :  i f  a, V, s, t , r e p r e s 2 n t  acce lera-  
t i on ,  cpezvd, d is tance ,  tirce, r e s p x t i v e l y ,  thsy 
obuy the q7211 knovin r s l a t i o n s  

2 = dvlclt 
( n n d  s ince  v=Js/:it) s = J V d t  
Coaparinq tnesv n i t n  t h v  formulas f o r  slope and 
srea on a clizjram 7;:herv t taKes tne place of X, 
and V of y ,  n ~ a s l yn i t h  t h z  Eoraulas 

3LOF4 = dy/dx = dv/dt 
L R T k  = ry  dx = {V fit 

we see t h a t  on a i 1 i w 4 p e e d  diagram the s lope 
of the curve r<prscents  the  occe lera t ion ,  w h i l e  
t n e  s r e a  ua3er t h e  curve r ep res sn t s  d i s t ance  
inoved . 

I t  i s  except ional  Por b o t h  s lope  and a rea  t o  
o v  e a s i l y  i n t e r p r e t a o l e  oa tne same diagram. f f  
F, 9, T a re  th ree  q u a n t i t i e s  of which t ne  f i r s t  
i s  t he  r a t e  of inz reass  of t h u  second per u n i t  
i nc rezse  i n  t he  th i rd ,  we have 



F = ds/d'r and S =  / ' F  cir 

a u d  ~ i i v r u Z o r 2 t,u6 s l o p e  i s  i n t v r p r e t a o l e  an a 
a r l iI-Y-di.ar;raa, the a r e - I  ori a 2-F-diagram, the  

T h i n g  c o n t r u l  va r i ab le  i n  00th Gases. 

Yany q u z n t i t i v s  used i n  physics z r e  capab le  
oF being reprvsented on a TWO 'NAY SCALZ l i k e  
t h n t  of tne tn.:rtnomet3r. A c e r t a i n  v a l u e  is 
d v s i 7 n a i 5 d  a s  t Q e  ZERO, t h e  o thv r s  beinz marKsd 
FLUS o r  I4INUJ a c c o r d i n s  t o  the viay t n 3 y  diTLer 
l r o a  z2ro. S u c h  q u a n t i t i e s  a r e  c a i l e d  S,ALA.?S. 

Gef. Sca la r s  arv SIGN BZAFI!VU KU:43LRS Gr 
qu3nti  t i v s  repissenteil  b y  them. 

Yxamples brc: 

iDo:: n 
P a z t  
3 a. 2 !r 
Co 1surne3 

P u n h  

VoLd 
0o.v::-L o - r t  

I I ~ ; ~ ,To t h i  s i i  t V,<;? x a y  a?:l "ar'za". E , =  nave 
sveu tnat  t h 2  fornuia 

I ;  [(X) d x  

~ i v v s  a r v a  with a plus s i l n  when y= i(X) i s  
vtholly abovv t h e  x-axis, an:] a r s a  i v i t h  a n:j,nus 
s i g n  kvhen y = f  ( X )  i s  wR011y belog, t.he X-axis. 

Conpiderzd 8,s 3 p u r e l y  < v o i ? - c t r i c  :.natter, ;!PVT 
asv h o u i d  b.2 t s ~ ~ ns i < ! i l s s s  ( 3 s  on pagc 37), 

i3ut an i n t e g r a l  of t h e  8re,i .-$i.vin{ s o r t ,  as:. 

of  t e n  rzpres+2nt s  an i a ~ o r t a r ,  physical s c a l a r ,t 
; u c n  a q d a f i i i V y  c n a n g v s  i n  o p p o s i t e  ways ac-
cordi i i$  2 s  t , h ~iritz<rsnir i s plus or  ~ i j n u s ,  t b s t  
i s  accordin: ac t,nz j r a o h  j s  a b o v z  o r  O r l o n  t h v  



c o n t r o l  v a r i a b l e s  a x i s ,  h e n c e  if we REFAIN rfig 
aIf$NS SIVSN SY i'H% DGPINITZ INTEGRAL, the du-
f i n i t e  i n t e g r a l  will 2ive d i r e c t l y  t h v  NE'! AREA 
o r  ( a r m  above a x i s )  - {area below axis )  

arid $ u i l l  thsrefore  rcpresent  d i r e c t l y  the NEP 
increass i n  t b e  p h y s i c a l  quant i ty  represented 
o y  tha  a w a - 4 i v i n g  i t i t eg ra l .  

Por exanple:  ws uay f i n d  the  work d s n z  whan 
st,retcnin{ a sprino; i~iiocvn a t u r a l  l s n e t h  i s  12 
incnvs,  Fron a le t i l th  of  lC inches to  a len2th. 
of 15 inchvs, i f  t i . v  s t i P P n v s s  01 tnz sprin2 is 
pucn t ha t  the force  rzquired i s  8 i n s ,  per i n c h  
of '  oxtansian. l'ne forc:: for:nul-i w i l l  05 G(x-12) 
I b s ,  X oeinr  tne v a r i a o l e  l v n d t n* 
oF t h e  spring.  Cae work Eormula 
7s Lhervfore 

werk= a(x-12)dx = i 5  ft.10~. f"lf 
Looking a t  t h i s  e x a a p l e  more -- ---+-

c l o s e l y  we see t h a t  from x=10 
t o  x=I% xs ueed not 30 work, the  
s p r i n 2  vxtendin2 i t se l f ,  our werk being waolly 
n z i o t i v e ,  =J',:6(x-lS)dx = -12--ft lbs., while t o  
f u r n i s n  the extension froni x=22 t o  X.,-LCI re-
quires !::E X-l2)du = +27 f t . l b s .  Banw the 15 
ft.los i s  the N % I '  aaount  t o  be don2 a g a l n s t  the 
e l a s t i c  force  of tric,sprinq, 



\ 

I n  e u c h  o f  t h e  f i r s l  8 c a s e s  i n d i c a t e  o n  a 
d i a g r a m  w h i c h  o f  t h e  t h r e e  q u a n t i t i e s  i s  t o  b e  
r e P r e s e n t e d  e s  h o r i z o v t t a l  c o o r d i n a t e  und ~ h i c h  
a s  t l ze  v e r t i c a l  c o o r d i r r a t e ,  i t ~  o r d s r  t h a t  t h e  
t k i r d  may b e  r e f i r e s e u t e d  a s  a s t o f i e ;  und o n  a  
s e c o t ~ d  d i n ~ r u m  s h o a  !ZOR t o  r e p r e s e n t  t w o  o f  t h e  
t hi r d  
s eco t id  d in)rarn  sirolr h o z  bo r e p r e s e n t  tzoio of &e 
q u n n t i t i e s  so f h u t  t h e  o t h e r  m a y  b e  r e p r e s e n & s d  
b y  air a r e a ,  O n  e u c h  d i a c r a x  d r a w  a gru.plr a s sum-
e d  t o  e i v e  t h e  r e l a t i o n  b e t u e e i z  t h e  t w o  q u a n t i -
t i e s  t a k s i a  ns c o o r d i t z n t  es. Z n d i c a t e  a $ p r o p r i a t e  
u > r i t s  i n  e u c h  c a s e .  

1. d(spee\l) /d ( t i 'ne)  = ac3e le ra t ion .  
2 .  #orK done = J ( f o r m ) - d t d i s t a n c e ) .  
3. Rate of flow = ii(vo1ume~poured out) /d( t ime).  
4 .  Specif i c  deat* = dthea t  used)/d (temperature- 

r i s  e produzvd) . 
5. Hark dons = (pressure)od(volume),  
6 .  Alt i tudv Sained = J ( s1ope) -d (nor i z .  d i s t .  ) .  
7 ,  Distance movea = I ( s p e e d ) * d ( t i m e ) .  
8. d(worK jene) /d(time) = power, 
9 ,  i'he graph here shows y = t n s  cur runt  Co tne 
r i g n t  i n  a c e r t a i n  t u b e  i n  cm./min. and X= time 
eiapsed i n  minutes. #hat  informa-
t i o n  can b e  resd off from t h e  d i -
ajram as to:. 
Di rec t ion  of flow 
Change '  i n  rnagnitude of c u r r e n t  
Met volume t r ans fe r red  u p  t o  end of cach ain'? 

*Moasure h e a t  i n  o e l o r i a e ,  sp. hea t  ln C a l o r i v s  
par d e d r s o  c e n t i g r  ado. 1 



10. T n i s  J rapn R ~ V ~ Sti12 s p e e d  o f  a oody i n  m i .  
p e r  min.  t o n a r d  C h i n a  when i t  f a l l s  down a h o l e  
e x t e n 3 i n S  c lvar  t h r o u g h  t h e  v a r t h ,  Yhat i n f o r -  
o a t i o n  c a n  you r e a d  o f P  as 
t o  t h a  f o l l ~ u i n g  q u a n t l t i a s  
z t  i n t a r v a l s  o i  t e n  rn inu tes :  
s ~ = e dand d i r s c t i o n .  
~ c c s l e r a t i o n ' s  d i r e c t i o n ,  
D i s t a n c e  t r e v : i  l u d ,  
qot?: tnz  ?r:a of ;ach a r c h  i s  3090 u n i t s .  
11. I n i a  d i a q r a m  r e p r a s e n t s  t h e  f o r c e  o n  a p i s -

t o n  as t h e  p i s t o n  i s ; p i r s h e d  6ut 
oy compressvcl  a i r ,  f i n d  \lirect-
l y  f r o m  the  g r a p h  t h e  work d o n e  
by t h e  a i r  i n  p u s h i n g  o u t  t h e  
p i s t o n  t h e  5 i n c h ~ s  shown. 

8l4 i n c h  i b s .  
L?. rne 3 2 ? ? z i  i ine  nb t h i s  djagrarn r ? p r v s v n t s  
t i iv s a l n r y  ~ r o i ~ ~ t ~ ic e r t a i n  s u c c e s s f u l  inan:o i  3 

t r x  p l a i n  l i i i e  r e p r ; s > n t  s 
z n n u a l  l i v i n ~  v x p s n s e s ,  
t h e  d iaqran!  f i n d  h i s  
s a v i n < s  d u r i  ng 1113 years 
4C t o  6@, arid h i r  r a t e  
s z l c r y  i n c r u a s c  z t  39. 

i c c o u n t  f o r  a11 n e ~ a t i v et e s u L t s  i n  t k e  f o l l o s -
i>r.q #roh Lems: 

1 3 .  T h e  f o r c e  n e c e s s z r y  t o  t h r u s t  3 40 f t .  p i l e  
down i n t o  Ln2 w a t e r  i s  (x/10 - 3 . 2 )  t o n s ,  X be-
i n )  t h u  d i s t a n c e  i t  h a s  a l ready  oeen t n r u s t .  10 
. j u s t  ~~~~~~~e the v n t i r e  p i l e  w i l l  require how 
aucn work ,ione'? -4a i ' t .  t o n s  
14. riie u p p e r  ankt of a l oad  s p r i n ?  i s  v ~ o r k v ~ ib.y 
I m d  SO a s  t o  ;ive a b a l l  a i t z t c n e ~ ~~o tne  Loyi-



per second u p ~ a r d  a t  t h v  end of t s&onds, I f  
tne b a l l  s t a r t s  from r z s t  wnsn t=O,  i s  i t  aoovv 
o r  oelow i t s  s t a r t i n 4  poiilt, arid i~c;t,: f s r ,  a t  
the  end of one second? A ~ o u t9% in-belor ,  
15. A t i dv  1: i i l l  pond contz ins  ZO0,CCO c u . f t .  of 
water a t  noon- 4 ga te  i s  t n ~ aopen3d a d a i t t i n ?  
the  sva zt the  r a t z  of 

(1,30C cos[(Y,n + 3/,)re,i.)) cu,t ' t , /! lr .  
; ~ n v r en i s  tnv nuaber of iiours a f t c r  noon. dorr 
f u i l  i s  tns  ponJ a t  n j n e  F.W. 197,000 c u . f t .  
16. 3 c i s ton  is acted on D Y  t i i r s v  Porces, G ,  b ,  
atid A .  A i s  thu atmospheric pressure of 200 l b s  
~ h i l eG 7s a 23, pressurP wnich var ivs  as  theI?
p i s ton  i s  zoved, accordin2 t o  
t n e  forkula  3=:3.000/(10-X) los. -pc_L 

X ~ e i n gLhe d i s i m c e  t*e p i s ton  A @ ' ' - ,  
has  SJCI,pusbed i n  a2a ins t  t h e  F- - .  L 

gas pressure. F i s  t n e  f o r m  . .. . .. .  . . 
nesdeu, so F = G - A .  Ca lcu la t3  
t h v  w o r ~,jene oy P'  i n  i nc r sas in3  2 f r c ! ~Zero to  
5 inches.  -2439 It,lbs 



We have now considered t he s q u i v a l e ~ i  t prob- 
lzms of in t eg ra t ion  and area-findin2 i n  the two 
cases : 

1. f (X)  represented a n d y t i c a l l y ,  
2. f ( x )  represented graphica l ly ,  

We w i l l  now consider  the reffiaining case:  
3. f ( x )  reprrsented i n  t abular  f o m .  

Nerz, as i n  f inding  thz d i f f e r e n t i a l  of a taou- 
l a  ted f unet ion  (psge  18-19), rio such :icc urscy 
i s  a t t a i n a b l e  as bg a n a l y t i c a l  meti3ods. I n  f s c t  
the tern! AFT-RGXIZ4ALSE i AI'EGltAr IOX i; appropriste 
i n  t h i s  connection. 

T h e  poin ts  of the  c u r v r  y=f (X) ~ 2 i n g  thcught 
of as  plotted ( f o r  equal ly sl?parated values of 
the argumunt, X )  we cac use a s  approximations 
t o  the area under Lhe curve 

thu surc  of a s e t  of -7 

augnents  of 
1 Rectangles 2 'Trapezoids 3(  F z r a b o l 8 s  

Rough Rule Trapexoidal auiv Siapson'c Rule 

l he  f ollowing spmbols v . i l l . . ~ e  er ro loyxi :  
x o  and X ,  a r e  t h s  Limits, 1: tne  n u l r b ~ r  of i n -  
t e r v a l s  betrieen, hx i s  tbe  b e t i i v e c  
successive X ' S ,  and .'*' y, a r e  t 1ie 
successive values o f  the La&~~iz tv i i  funct ion.  

1. 8OUGH RULE: ( lhe  proof i s  oovious .) Arsa = 

y.dx = A P  (y1+y2+* *Y,) 



X 

For t h e  t rapezoids have a reas  (see 3,page 85) 
equal to 


The r a n c j e . f r o m . t h e  f i r s t  X ' G O  t h o  last X 
muot b e  d i v ~ d e dinto a n  EVEE numbur  of 
8 u a l  p a r t e  $0  as t o  Q i v c  a n  odd numbor 
oF i a i u c s  oP y,  f r o m  y, to y, in=lueive. 

Proof :  Cons ide r  f i r s t  t h e  area f r o ~x = -V t o  
= +V under  a p a r a b o l a  h a v i n g  an equation of 

t h e  forni 
y = A + 2Bx + 3Cx2. 

rh i s  area m u s t  be equal t o  

( A + ~ B X + ~ X ~ ) ~ X  ..-., ... 
* =  A *  + 8 x 2 + :*s 3, +V 

= ~ v ( A + c v P )  -V 

?Jo~vi f  rre repzresent the-v a l u e s  of i/ a c  x = -V, 
'X=@, atid X = + V ,  'Dy y l ,  Y, anti y" r c s p s c t i v e l y ,  
,:ie f i n d  Lhat , ,zv2 

47  = 4A 
y "  = A + 2Bv + 3 C v P  

Pvnccl: yl+4Y+yt1= EA + 6 C v 2  = 6(~+Cv') 
arid i t  i s  c l e a r  t h a t  the a r aa  zonsidered i s  v/3 
t i z v s  t h i s  v x p r e s s i o n .  

.. 
zan now a p p l y  t h e  

r u i e  ( % V )  (y1+4>+y")  t c  successive p a i r s  of 
s l i c c ~  of an a r e a  c ~ la p  i n t o  a n y  nurber of 
G O X L ;  F$,, !I,5, (or  a n  V n u n i b e r  of panels) ,-
e s z h  of w i : i t h  hx = V .  3spresent ttie Y', y, Y'' 
f i r sk  o . ~  then  by Y B ,  Ya, Y+, arid so 
O n  u p  t,c Y,-?, Yn-z, Yn. i ' h ~  t o t a l  a r m  of a l l  



these double panels i s  thus found ' to Di, 

L& Y O + ~ . Y , + Y ~  I +P a + 4 ~ a + ~ 4  
+ Y ~ + ~ Y S * Y ,  c tc .  to 

'.* ' *Yn-2 

+Yn-2+4~n-x+~ 1 
fron xnich the o i v e n  ru le  follows og addition. 

When a function i s  given i n  tabular form we 
have no recourse but t o  use ons of these ap- 
p r o x i x a t ~  in tegrat ion ru l ss .  

When the function i s  2iven oy a graph th? 
p l a n i s e t ~ ~ r  may be used to find the area, but i t  
i s  soaeti;css Eore convvnient to measure a s e t  
of ordinates and us:: Siuipsonls Rule. 

Wen wi~en the function i s  given analyt ica l ly ,  
the d i f f i z u l t y  of inte-Zration rcay be so ereat  
that  i t  i s  des i rable  to ce lcu la te  a s e t  of val- 
ues of tns  function and obtain the in tegra l  oy 
0113 of these approximate methods. 

P 
For exarcple: '10 f ind jC2 eX dx. 

Div ide  thv range, 0 to 1.2, i n t o  6 equal parts ,  
so thct Ox = .2 2nd thvrv a re  7 ordinatss .  
Tabulate: X X 2 P W X" pr odu3i; s 

0.0 *o 1.000 X l= 1.000 
.2 " 6 4  x 4 =  4.164 
. 4  .16 1.174 x 2 =  2.348 
a 6  -36 1.433 X 1= 5.732 . a . €4 I. s w  x u =  3.794 

1.0 1.00 2. 718 x 4 =  10.872 
1.2 1.44 .4.221 X 1= 4.221 

3)32.131 
10.110 

Ax = .2 
Integral = 2.1420 

'These approximate me thodc gjve only def  i n i t z  
in tegrals .  If a TBBLE of values i s  calculatsd 



qiving tne  i n t e g r a l  f r o ~X = C (zng c o ~ ~ u e n i v n t  
cons tan t )  to  X = V (a v a r i a o l h  the  arqument of 
the  t a o l e )  t h i s  t a b l e  w i l l  s s rvo  t h a  ssze pur-
pose as  the i n d e f i n i t e  i n t s ? r a l .  Ic usinz such 
a t a b l e  for  c a l c u l a t i n ~  d e f i n i t e  iniv:rzls w i t h  
lower l i n i t s  o ther  tnaii C, makr use of the ob-
vious r e l a t i o n  ra = i ;  - 1; 

AFPROXLgATE INTEG2kfIJdS 
2

1, Calcula te  10 eX dx by t h u  t rapezoida l  ruls, 
using s i x  t rapezoids.  
2. S a l c u l a t e  17 uX 

2 
dx ,  f i r s t  using s i x  circum- 

scr ioed  rsc tangles ,  and secoiid, using s i x  i n -
,cr ibed rectangles ,  t n u s  c i j  tainin; l i m i t s  be- 
tween which t ne  exact v a l ~ e sn u s t  l i e .  
3 .  Calcula te  J ( l o 2  t a n  x)<:x Ssiween t h e  l i a i t s  
n/4 and d 3 ,  using Ciapson's Rule w i t n  f i v c  
double p a n e l s .  .G:-;0.5 
4 ,  P i n d  t h 3  area of  s qualdrant o f  t h e  c i r c l e  
x"*v2=25 5 y  t h e  trap2zoidil ru l s ,  using 5 t r ~ p -
ezoids,  and show by a f i ia~ran!why the  r e s u l t ,  
18.8711, should se so inuch too .smal l .  
5. Pind [',2'(lojux)dx, f i r s t  o y  Simpsoii's Hula, 
using thrue double panels (7 orslinatus),  and 
second by i n t e ~ r a t i o n  (see paae 7 6 ) .  

1:-:.043, v i t h ~ ry,av 

7 ' .  P comon logarithm t a b l e  caa be rvgarded 



as  a taole  of values of the d z f i n i t e  i n t eg ra l  
e4343 dx ,(see page 60). ~ind]::;: *4343 dx 

X X 

from such a table . .  'Then ver i fy  - b y  in tegrat ing 
and using Napierian logarithms. 

Coinpsc te  fk?' f ( ~ ) CLX f o r  ( Z O C ~o f  t h e  fo2Loaringr 
tpbulated f u n c t i o c s  5 y  C b e  r u l e  i n d i c a t e d .  

8 .  9. 10. 11. 
Simpson's Trapezoidal Rough r u l e . Trapezoidal 

X f ( x )  X P ( x )  X P ( x )  f(x) 

12. Calculate approximately by appl i n g  Simp-
son's  ru le  (usinz three  double Panels? t o  the 
known integral : .  d 4  = arctan(1) = 1; dx/(l+xg) 

3 .I420 
13, Shou t h a t  iP vach double panel be t r i s ec t ed  

t n e  system of  rectangles and trap- 
ezoids 'shown has the precise area 
< i v s n  f o r  the curve b y  Simpson's 
rule.  The rectangle has the h e i < h t  
of tne middle ordinatv of the pan- 
1 ,  and tne ad.jacvnt trapezoids 
nave zs t he i r  pa ra l l e l  s i d e s  the 

heignt of t he  r e c t a n g l ~  an3 a si.ie ordinate ,  
1%.Zalculate log 2 b y  applying 3impsonts ru le  
t o  1: d d x ,  usinge5 double paneis. .Gd31 5 

2 
15. Salcula te  r e - x  dx by trapezoidzl r u l r .  Use 

rlbx=.2 u p  t o  X=%, and  Axz.5 f r o n  thvre on, , a r r y  
a l l  work t o  4 decimal places. R ( 3 3 3  101) .3803 



AVERAGE VALUES 

In t h s  second approach t o  the a rea  formula 
(pages 8 2 4 4 )  i t  Kas s!lown t h a t  t h e  d e f i n i t e  
i n t e g r a l  

i s  t h e  LIMIT approached by the following SUM:, 
f ( a ) d x  + f ( a 3 d r  + f ( o g ) d x  + ...&C... + f ( a , , ) d x  

where ea  h (a) i s  (dx+the preceeding a) and dx 
is one-nPh p a r t  of t h e  ,vhole range, x=a t o  x=b, 
s o  t h a t  n 0 d x  = b-a, and a s  the. i n f i n i t e s i m a l ,  
dx, approaches zero, n becomes i n f i n i t e ,  

If  we wish t o  f ind  the AVESAGE V A L U E  of a s e t  
of g u a n t i t i e s ,  we add tnea u p  and d iv ide  by  
t h e i r  number. 

If we w i s h  t o  get  the  average valus  of a VA-
RIABLE, f (X),  as  X increases  from x=a t o  x=b, 
t h e  na tu ra l  way t o  go zbout i t  i s  t o  d iv ide  tne  
RANGE Erom x=a t o  x=b i n t o  n equal par t s ,  and 
f i n d  f ( X )  f o r  each point of d iv i s ion ,  and t h v n  
t o  add these values and d iv ide  by n .  ii' n in-
cpeases i n d e f i n i t e l y ,  the  average so found w i l l  
be a b e t t e r  and Detter  r ep resen ta t ion  of the  
average OE ALL the  values of the continuously 
changing f d x ) .  Hence the averacje sougnt i s  bes t  
represented by  the  LIMIT of 

[ f ( a )  t f(x,J t ... + f ( ~ , ~ ) l+ w 

Multiply both t h e  long b r a c ~ e t  and i t s  d i v i s o r  
by the  d i f f e r e n t i a l  of tne  ranqe, dx, rhe de- 
nominator becomes t he  constant  (b-a), and t h e  

*Note  to 15 on p a q ~130: aeyond  x=3. t h e  add-
if ion of rnoro torms does not a f f a o t  t h o  f i f t h  
p l a o e  of d e o i m a l s .  .336220+ is t h o  t r u g  v s l u e .  



- - -  

numcrator becomes the suc ~ h o s eLIgIT i s  the de-
f i n i t e  i n t e z r a l  I:€ (xldr, and se have t h a  re-

tha t  t h s  
1: f W ~ X  

Averaqe value of f ( x )  = 
b - a  

For examile f h e  avera2a value from x=1. to  
x=5 of 0(x2-X) i s  

-F - ~ ( X ~ - X ) ~ Xi ~ o  

n. 3x 

-. 
5 - 1 4 - 4 4 

If a quantity lcay b v  considered as a function 
of e i t h e r  O E  two control  variables,  there ~ j i l l  
be two ways OE t z k i n ~an averaGv sccordinq t,o 
w h i c h  control v a r i a ~ l e  deterrnines the equal i n -
t 3 r v a l  s ,  

Thus the speed of a j 's i l l ing body i s  given by 
e i t h e r  foraula, v=38t o r  V = ~ J ; ?  Consider the 
f i r s t  second o r  while i t  i t  f a l l i n g  16 E t .  For 
t h i s  part of the f a l l  we may compute ei ther:.  

T h e  TIME-avera~e, mhen we take spseds at. 
equal in t3rvals  of time, using thz q u o t i ~ n + ~  
[>,32t] +n, and multiply nuuiarator and denotnin-
akor by  j t ~ e f o r etakinq th3 J i ~ ~ i t ,  or-

rhe  SFdSZ-averaqe, r;hsr! W, tak,: s p s s i s  a t  
eaual in te rva l s  dfdistafice, using t h v  cluoti-
. zrrl, iC6Jsj t n ,  arid q u l  t iplyiii2 n u r i v r ~t o r  a i ~ d  
denominator b y  ds b z f o i ~takirtg t h v  l i s i t .  



c i r c l e  considering them as drawn a t  equal i n -
t e r v a l s  around the curved per iaeter .  .G366xHad 
5'. Find the averaea of the o r d i n a t e s  of 3 su3i-
c i r c l e  considsring timm as  drawn a t  equal i n -
t e r v a l s  along t h e  diameter. .7854xRad. 
6. Pind  the time-avvra$e of the spred  of a fa l -
l i ng  body i n  t h e  f i r s  t tao seconds. 32 f t/sec. 

8. Find the time-averagv of the k i n e t i c  energy
i in.~ n . = y ~ ~ ( s ~ e e d ) * x n ; a s s Ii n  thz i'irs t two sec-

onds fo r  a f r e e ly  f a l l i n g  one-pound fieignt. 
409.6 f t , l b s  

9 ,  Find the space-average of the k ine t i c  enerGy 
(see 8 above) of a f r e e ly  f a l l i n g  O ~ ~ Q O U I ~ ~w t .  
i n  t h e  f i r s t  64 f t .  1024 f t ,  los. 
10. F i n d  the average area of a s e t  of p a r a l l e l  
sma,ll circles cu t  from pne spherv by planes a t  
i n f i n i t e s i n a l  equal d is taaces .  Y, of g t .  c i r c l e  

F i n d  t h e  a v e r a g e  v a L u e  o f  t h e  e n t r i e s  i n  e a c h  
o f  t h e  t a b l e s  i s d i c a t e d  f o r  t h e  r.an,qe i n d i c a t e d  
und  i n  e a c h  c a s e  a s c e r t a i n  t h t  " r e p r e s e n t a t i v e  
argurnetzt  ", t h a t  i s  t h e  a r q u m e n t  c o r r e s $  or~ri irrq 
t o  t h e  n v e r n , c e  u a l u e  o f  t h e  f u t r c t i o t r .  



SUMMATION ELEMENTS 

Def, An Element i s  one of a s e t  of pa r t s  i n to  
which a quantity i s  divided, 

Let the subdivi.sinn of Che quanti ty Se inde-
f i n i t e l y  continued, and the e l e m n t s  became in-
Einitesimal,  

Sonsider the  isoscvXes t ~ iangle shown, and 
l e t  i t  be divided up i n t o  elenents by s l i c ing  
i t  a t  equa l  distances pa ra l l e l  to  thv base. 

Let X cm, be t h e  distance of any par t icular  
s l i c e  from the vertex, and l e t  A sq.cm. b e  the 
area of the part of t h e  t r i ang l e  above i t .  Then 

AA w i l l  be the area ~f ehe 
.$ inf in i tes imal  s t r i p  just
"'belog. Pherv are thsee
1 ways of get t ing a t  an ex- 

"4~~1i-aprvssion f o r  the area B A ,  

Is t .  AA is a t r a  ezoid:. i t s  upper base = F',K, 
i t s  lower base = ((x+dx) and i t s  a l t i t u9e  =. dx. 
rrnerefore i t s  arsa is exactly 

f ,x*dx + */, ( d x I 2 .  
2ndd A k  can b e  converted i n to  a parallelogram 

by cu t t ing  off a three cornered piece 
which has two infinitesimall dimensions /T& 
i'he a r sa  of the  parallviogram is %x0dx,  Hzncv 
tne srea  of the elemsnt hA i s  equa l  t o  

f ,xbdx + an TNFIPJITESIMAL OF HIGWGR ORDER,  
3rd ,  4 A  i s  equivalent to  .a rectsanglr; of the 

saze width, dx, as the element, and w i t h  a 
lvngth equal to  the A V E R A G E  LENGTH of the ele- 
aent .  i4e do not inquire more exactly what t h i s  



average is ,  but note t h a t  i t  m u s t  l i e  between 
t h e  extreme lengths,  */,X and 9,(x tdx ) ,  of the  
element.  I t  t he re fo re  d i f f e r s  f r o a  /X\\&
?'=X oy an i n f i n i t e s i m a l  of FIilS'T or- 

3drd;r, and hence t h e  product of q 3 x  
oy dx m u s t  d i f f e r  from the i n f i n i t e s i m a l  area 
(= width X averzge l eng th )  by an INFINITESIMAL 
OP H I G K E R  ORDER. r h i s  g ives  the  same expression 
f o r  A A  as the one i n  t he  2nd. method, 

The f i r s t  of these  th ree  methods may seem t o  
b& aore  accura te  than the o t h e r s .  I t  i s  so  pro- 
vided we a r e  goinq t o  take the  SUM of t h e  e le -  
ments by the  process of ac tua l  add i t ion .  

B u t  we can provz t h a t  p rec i se ly  the  same fi-
n a l  r e s u l t  is obtained b y  u s i n g  the apparent ly 
l e s s  accura te  (but s impler)  r e s u l t  found i n  the 
2nd- and 3rd.  methods, and taking, not the  sum 
merely, but the  LIMIT OF 'THE SUI4. This process 
( s e e  page 84) we can ca r ry  out by means of a 
d e f i n i t e  i n t e g r a l .  

The LIMIT OF A SUM of a s e t  of IHFINIrBSIMALS 
has t h i s  i aportapt  property.  

T h d  LI,HIT i s  n o t  a l t e r e d  t y  d r o p p i r l g  f r o m  
euch i n f i n i t e s i m a l  a t s r m  d i c h  i s  an i n f i n i -
t s s i n a Z  o f  h i g k s r  o r d e r .  

Proof. Let a ' b e  one of a s e t  O E  i n f i n i t e s i m a l s  
and 9e t  s b e  an i n f i n i t e s i m a l  of h i g h e r  o rder .  
Then the  l i m i t  of s / a  i s  Zero (pages 15-16). Yde 
have t o  provu t h a t  the  limits of the sums of 

[ the  a r s ]  and [ t h e  a l s  + the B ' s ]  
a r e  the  Same. The only d i f fu rence  between these  
sams i s  t h a t  t he  second one con ta ins  

CEs], (=the sum of t h e  s ' s ) ,  
t b e  s u m  of the  terms of higher order .  He may 



transform each term of 2131 by mult ipiying arid 
d i v i d i n q  by  t h e  corresponding ct, so  t h a t  i t  bz-
cOlrAVS cc ( g m ' 3 : I  

'lhe @/a) i roct ior is  havg various valuvs: .  l e t  G 
rvpresent  the grea t e s  t '"of thess.  Since (?/Y) 
has t h e  l i m i t  Zero, G w i l l  a l s o  havs the  l imi t  

I1 zvro, l h e  sum viv a r3  now speakin: oP C[ ! 3 / x ) - a ) ,  
sust bs l u s s  t n a n  

.Z[G-al 
F u t  t h i s  equals  GoZ[a1 
$vh ich  approacaes Zero as a l i m i t  because G does 
so, whilv Z[u) remains f i n i t e  a s  i t  approachvs 
i t s  lirnit, 

The 3iPEeruncu betwu;n t h e  two o r i g i n a l  sums. 
P[al  and 2[31, r a s  t h i s  suo, C [ @ ]  = . G * P . [ ~ ]&d 
uv see t ha t  this differsnce disappears  when we 
pass t o  the  l l m i t ,  

VL ~ p r a c t i z a l  i rportancv O E  t h i s  b i t  oe theo-
r y  i s  as  fo l iov~s: ,  v;ilen we aus t  f ind  t b z  exact 
sum of a set of elemvnts, a i ~ dthe  exact foraula  
f o r  t n 2  typica l  eienvnt i s  e i t h e r  

r a t  her con~plicated,
d i L l i c u l t  t o  obta in ,  

:J= cz use a s i  r,pler formula f o r  t h e  element, 
fouiid e i thu r : ,  

I s t .  By dropping terms involving i n f i n i t e s -  
imals of h i e h e r  order  from the  exact formj~la.  
2nd, dv t r iamins 

3 
from t h e- element oieces- - - --- -- , 

wt~ichh a v e  .a aruater  number of inf ini to,s imai
d~meus ionst h a n  t h e  element itself. so- as t o  - - - - - - - - - - - - - I 

g e t  a r e c t a n g k  o r  o ther  simply measur ~ d .f iq -
Ure.lllll 




expression as  i f  i t  wvre an average value of 
the dirnension. 

Thusr i f  t h e  surface of a cone, serni-ver/. i c a l  
9, i s  divided i n t o  s t r i p s  b i  

s l i c s s  p a r a l l e l  t o  t h e  base, we cait 
show t h a t  t he  exact  formula f o r  tbe  ,de..a r e a  of a t v o i c s l  s t r ip  i s  3.-.. - - -5

"nosin(cp)[2xwdx + f ; d ~ ) ~ ]  
>. ----;.,.---

B u t  wo can g e t  a simpler and mow workaolv e:~-
pression i n  e i t h e r  of the  th ree  ways:, 

1st .  By dropping the turm involving ( G x ) ~ .  
2nd. By thinking of the  s t r i p  as f l a t t e n e d  

out  and then a t h ree  cornered piece 
trimmed from one snd, so tha t  
w i l l  have a uniform l ~ n g t h ,  Snx-sinp i LQ
th ruout  i t s  whola s i d t h ,  dx, 

3rd .  By ignoring t h e  differente between t h e  
inner  an8 ou te r  L o n ~  curved boundarizs, and 
q e t t i n g  the a rea  as if Snx. s i n ( 9 )  and dx wsre 
the average length and tbe  w i d t h  of  the s t r i p  

Each of these  three  mathods gives the sifnplv 
expression, 2nx-s i n  (ip).dx f o r  the  elementary 
area.  

PROBLEMS 
B .  From the  f a c t  t h a t  the  s p ~ e dof 9 f a l l i n j

f indbody i s  32t  f t / i e c  a t  t h e  end of t sec., 
how f a r  i t  f a l l s  i n  d t  sec. ,  supposing tha t  
during this i n f i n i t e s i m a l  in te rvas  the  speed 
remains cons tant  a t  the  value i t  had: I s t ,  a t  
t he  beginnins of t he  in t e rva l : .  Snd, a t  the end 
of t h e  i n t e r v a l .  How do these in f in i t e s ima l  
d i s t ances  d i f f e r ?  

2 .  Find t h e  exact a rea  of a r ing between con- 
c e n t r i c  c i r c l e s  wnose radii a r e  X an3 x+dx. Rv-



j s c t j n g  infin i t s s imals  of second order,  find 
the  d i f f e r e n t i a l  rspresenting t h i s  area, 
3 .  4 regular pyramid has a Square base, 2crnx2cm 
snd is 3cm high. A similar  pyraaid i s  cu t  from 
i t  by a .  plane para l le l  t o  the base and X cm 
from the vertax. Find the exoct volume of the 
s l i c e  between two such planes a t  distances X 
and x+dx cm f r o ~t h e  vertex. By re ject ing a l l  
inf in i tes imals  of higher order than f i r s t ,  ob-
t a i n  the d i f f e r en t i a l  of the  volume of the pyr-
amid whose a l t i t ude  is  the var iable  X cm, 
4. What i s  the simplest d i f f e r e n t i a l  expression 
f o r  the volume between two concentric spheres 
shose r ad i i  are r and r*ds. A 
5. What are  the exact areas of the 
sec tors  inscribed i n  and circum- 
scribsd about a wedge shaped s l i c e  
of a polar curve, the  two radius-
veetors of the s l i c e  being p and 
p+Ap, and i t s  angle being da .  Dropping highsr 
order inf ini tesimals ob t a in  d i f f e r e n t i a l  area, 
6 ,  A sphere, radius 10 f t . ,  has a variable den-
s i t y  which varies fsee pages 67-68) so as  t o  be 
a t  every  point proportional t o  the distance of 
t ha t  point from the Center, and a t  the surface 
t h e  d e n s i t y  is 5 lbs/cu.ft. Nhat would be  the  
exact mass of a s h e l l  between concentric spher- 
i c a l  surf accs of rgdii X and x+dx f t  ., i f  thru-
out t h i s  s h e l l  the density were constant and 
equal t o  what i t  is:. i s t ,  a t  i t s  inner surface? 
2nd, a t  itS outer surface? From these two ex-
pressions f ind the  f i r s t  order d i f f e r e n t i a l  of 
mass. 
7. Find the sinipiest d i f f e r e n t i a l  formulrc for  a 
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an C ernent of volunae of* a cone divided up by a 
s e t  of planss  perpendicular t o  the axis,  using 
X t o  represent  the  d i s t ance  of such a plane 
E rom t h e  ver iex ,  ... ,
3 ,  6"/ a t  is t h e  d i f f e r e n t i a l  of the  a._... 
arva of a r i g h t  t r i a n g l e  n i t h  one 
angls  equal t o  30' arid the adjacent  /-$Ja,
s i d e  X" l ong .  How does i t  d i f f e r  

&X.-+*fron! the increment af  t h i s  areaP 
9. The worb done by a COFSi'Ai4IC fo rce  pushing i n  
t he  d i r e c t i o n  of motion i s  the  product of the  
Forcu and thu d i s t ance  moved. k fo rce  ac t ing  on 
a p a r L i c l o  va r i e s  inversz ly  as the  d is tance ,  
Cm.,  from a f i x z d  point ,  being 4 l b s  when x = l .  
Ignoring i n f i n i t e s i m a l s  of second order ,  f i n d  
t h =  norK iione i n  increas ing  the  d i s t ance  from 
t h 4  f ixed point f rom X cm ,bo x+dx Cm. 

10. Find l i m i t s  oetween wnich the  work m u s t  l i e  
w h i v h  i s  done during an i n f i n i t e s i m a l  displace-  
~ c v n tof a p a r t i c l e  b y  a fo rce  propor t ional  t o  
tnz  4 is tance  i t  i s  moved, X; the proport ional-  
i t y  f ac tar  being rvpreazntvcl by the constant ,  k. 

11. A board i s  loaded so t h a t  the load per s q .
inch increases  uniformly from one 
end  t o  the  o ther ,  osing Zero a t  F ~ I - T  
cne end zr?i 2 los .  p v r  sq.in.  a t  +-- f O ' O " - +  

t h e  o'ther. i ' i nd  a d i f f e r ~ n t i a l  expression f o r  
ihe  load 03 a Cross ways s t r i p ,  X f t .  from one 
e n d  2nd 3x f L. a i d ~ .  

12. i f  '(7) i s  area desr r ibed  on pige 82, 
hox Lioes y * d v  l i f f e r  f r o o  an v iz ioan t  of t h i s  
a r m  n n v n  i t  i s  z u t  i n t o  v e r t i z a l  s t r i p s ?  

X 



6vf o re  undertakinq a suinrnat i o a  problern, D R A I  
A DlAGKAg ~showingthe  given f igurv  v:ith a l l  
necessary dimensions, and snovving how i t  i s  to  
b v  c u t  ua i n t o  elements. 

Show with espec ia l  ca re  - on a sepa ra t e  dia-
qraffi, i f  nec2ssaryv one elerivnt of non-special 
c l iaracler ,  a "SAMPLE ELEMENi'", ne i the r  f i r s t ,  
l a s t  o r  n i i d l s ,  nor otherwise possessed of any 
p e c u l i a r  p rope r t i e s  not sharvd by  a l l  elements. 

Represent o g  an appropr ia te  l e t t e r  the COOR-
DINAS3  used t a  l oca te  t h u  element, t h a t  i s  i t s  
ciistai!~:: ( o r  anqle) tneasured f r o a  some Eixed 
point  (or d i r e c t i o n ) .  

Find a l l  va r i ao le  dimensions i n  terms of t h i s  
coordina te ,  and i n d i c a t s  them by t h e i r  formulas 
on the  diaqram. 

As upper and lower l i m i t s  take the  vxtreme 
valuzs of the coordinate  when a l l  elements a r e  
c o n s ~ d e r e di n  ordvr .  

rhua to f ind  the area of one loop of the  po- 
l a r  curv?,  p = siii(23): 

Q biv ide  the  loop 
V\. i n t o  fan  shaped0
. ... . ... .-.- .. _. _.-. .. pieces .  Use angle .. ... . . ... . . ..:...I''.:.--.. .. ..- 3 t o  l o c a t e  one. 

L.,. ..:;-------- .. From a sample ele- 
e ment c u t  o f f  a 3-

ShowinJ all 
sample olement cornered piece oyt h e  elem3nts Dimensi0n3 of 

an a rc  so a s  t o  
leave as area element a s ec to r  of a c i r c l e ,  ra-
dius=@=.sin1(23), m d  a r ~ = ~ * d 8 = , s i n ( 2 3 ) d 3 .I t s  
a rea  i s  Y3pdf3*~ =. )/,sin228*d3, and the rlemants 



i'he area B C l t i ~ ~ t 3 t 4JWO :UtiiVZS zay b r  found r>y 
s u b t r a c t i n g  one area E ,  oii another,  o r  (prefer-
a b l y  f o r  comv purposes)  D y  the "DTRWi '  n e t h r d " :  

f h u s  t o  f i n d  the a r e s  oetween t h e  
parabol? y2$x md thv l i n e  y=x: 8e 
so lve  c iau l teneous ly  t o  f i n d  w h s r z  
t h e y  cut - at ( 3 , G )  and (1,1), Ci - t  v1i n t o  hori-zontai  s t r l - s  Use y ac . 
coord ina t e  of a saicple s t r i p ,  f i ~ v ~ ~----L---.-. 
i t s  w i c i t n  i s  and i t s  iength i~ 

(X CS paraboja )  - (x ot Eine) o r  (t" - Y), 
The elemvnt'c zrea i s  !y2-y)ly, t h v  l i n i t s  Lor 
y i r e  G end I .  anri t h t - a r e a  i s  C (y2-, 11) LI6 



flhen tnu X and y of a curve a r e  given i n  
tzriias of  a t h i r d  va r i ab le  (PARAMETER),use t h e  
parmetcr as a coordina te  of t h e  element and 
2et  a l l  d i :~ens ionsi n  terms of i t .  ( ~ e eproblem 
8 on paze 86). 

JGOIJiE'TRICAL SUMMATION PROBLEMS 
T • â  f i • â d i a g  a r e n s  n n d  v o l u u ~ e sb y  S u m - L i n i t s  d o  

t h e  a o r k  i n  t h i s  o r d e r :  
1. Gm, a I ; i A G R k f ! ,  sho tu ing .  q i v e n  d i m e r r s i o n s .  
2. l t t d i c a t e  m e t h o d  o f  I3VTTIi'JG i n t o  e l e • â l e t t t s .  
3. i t z d i  c a t e  C O O R G T , V B T ~o f  s a r n p t e  e l  e rneu t .  
4. I n d i  c a t  e ClJB#S?OIYS o f  samp Le e l  e m e n t .  
5. :Yrit e P R O L U C T  r e b i - e s e r t t i a q  kample e t e a e x t .  
6. Put o n  I I r T h G R A L  S l G N  n ~ z d  L f . ! J ITS .  
7. itORP OM1' t h e  i i t t e g r a d i o t ~ .  
Li. SUSST lTUl ' l :  Limi t s .  

1. Pind tne volumv of a  cy l inde r  by  i n t e2 ra t ion  
taKin2 c y l i n d r i c a l  s h e l l s  as  slvinents. 
3 .  F i n d  the arez butween y=2x2 anu y 2 = 4 x ,  not 
Dy sub t r ac l ing  areas,  Gut b y  tne d i r e c t  rtiethod. 

213 sq .uni t s .  
,'3. F i x 1  tRv  sviioiv a r s a  anclosud oy  p=3-.sin 3 by 
j rl i v ~ r a t i o n ,  usinq Oar~ snaped alsmen t s .  9n/4 
4. F ' in l i  t i ~ evol.u~,e of -3 sohere bg i r , tvqration, 
usin2 sy l i i i 3 r i ca l  s h e l l s  as  vleaea t s .  
-5 to 19. .$ P-raool ic  se3fi:ent i s  Doundeci 5y the 
curve y2=13x, tne v e r t i c a l  a t  x=2,  a n a  t h s  axis 
of X. F'i i ;d tiie vollume i - f  il, revolves:. 
5 .  Abou t Li>$ l i ~ i sx=2. 40. cu .uu i t s .  
5. Aoou t L i )  :. X - ~ x i s  113. c u . u n i t s .  
7 .  Aboui; the  1 j . i : ~y=G. 1%. C U  . u n i  t s .  
3 - About tbe .Y-axis 00. cu .un i t s ,  
3 .  About the  L i n e  x=IO.  442 .  C U  .uni. t s .  



I C ,  kbout t h v  l i n e  y=lO* 389. c u . u n i t s  
11, Find thz arua betiveen t h e  paraoola xy=,4 and 
t h s  l i n e  x+y=5, not b y  suo t rac t ion  of a reas  b u t  
5) th5 d i r v c t  method, 1-955 s q , u n i t s  

I s  i : l s c r i~ec li n  a sphere, touching 
i t along two z r e a t  c i r c l e s  whose 
alanes are perpendicular ,  A l l  
-2ct ions perpendicular  t o  these  
A a i ~ r sa r e  squares .  Find the  
v o l u ~ e  usinq a s  elements the  
s l i c 5 s  betwven the  squares. 

3 ~ ~ 1 3 u n i t ;cu.  
13. V i u d  the s rva  01 the ca rd i3 id ,  p = l + c o s  3 .  
1 4 .  A pivce of t n e  l i r s t  q u a d r a n t  i s  c u t  of f  by 

t ha curv- xlios- p a r a z o t  s r  e q u a  kions are  1 1 ~ 2 o t l  
a s  t i n c r 2 ~ s 3 s  fron: t=l to t = ' 2 ,  Find by inte? 
~ r z t i . o nt n e  voluav qeneratu3 s; t h i c  piece of 
arue revolves aoou t  tne X-axis. 5 d 6  cu.un. 
15. F i n d  t he  volume s f  a spher3, using p a r a l l e l  
d i s c s  a s  slvinents. 
16. Find the volumv of il conoid. a Eibzure ~wl-iose 
base i s  c i r c l e  znd 2 1 1  s e c t i o n i  
perpendicular  t o  s c e r t a i n  d ia-  
meter of the  oase a r e  i s o s c l e c  
Lriangles  w i e h  the saEe a l t i t u d e ,  
equa.1 Co h un i t s .  na2h/2 cu.un. 
2 7 .  Find  the  arva between tiie two loopsS of tiie 
Liaacon, 3 = a (1 + 2-SOS3 ) ,  3na2 sq. u n i t c .  

18. Find .  the volume of a con?, z u t t i n g  i t  i n t o  
elsments o y  planes p a r a l l e l  t o  tnz  Dase. 

*Rote  L n a t  9 a n d  130•‹tQ g i v c  oorresponding
pointg oa thr l n n a r  and o u t ; r r  l oops .  



19.  Find the volume of a cone by i n t e g r a t i o n ,  
c u t t i n g  it i n t o  e lements  by cy l indr ica l  sur-
f aces CO-axial w i t h  t h s  cone. 
2 3 .  F i n d  t h e  area bounded Dy p = Gsec3 snd t h e  
l i n e s  8=0, and 8=,45*, u s i n g  fan-shaped elements. 
21.  Find t h e  whole area enclosed bg p = Asin8, 
u s i n g  fah-shaped e l e m e n t s .  
22. F t n d  the whole v o l u ~ ug e n e r a t e d  o y  revolv-
inp:  the curve (::$,s::$ a b o u t  t h e  y-axis, using 
*disc; 9 s  sleaen~s. 2 4 ~cu. b n i  t s  

2 3 .  Hoiv 91uch l i q u i d  can seaa in  i n  z cyl indr ical  
cup of  r ad ius  R u n i t s  and height
H u n i t s  whec t h e  c u p  i s  t i p p e d  so  
t h a t  t h z  surface of t h e  l i q u i d  
Eollows z diameter of t ne  z i r cv -
121- b o t t m .  dse a s  elements s rc -
tions nadv by  p lanes  gerpendicu-
l a r  to  t h s  bottom of tns  c u p  an? 

i , r~  th;. surt'ace of  the l i q u i d .  2HRa+3 cu.units 
24, F i n d  t i i ~area o c t ~ , 2 v ntne p a r s ~ l 2 i ax 2  = 43y. 
aLid i i i ~tciti:ii ( ~ " + 4 a * ) ~3 8 3 .= 

!n-y,)a2 = 4 , 2 5  a\cu u n i t s .  

2 .  F ' nov; w c h  area  i s  cut  f r a ~t h v  f i r s t  
q u x l r z n t  b- j  trie curve (x+1 )2Y = 3-2x-x2 

1 sri, u n i t .  
2 7 ,  ? i n 1  t i i - w e a  sxeot over oy t h z  r s d i u u  vec-
t o r  oP O=R , a s p i r z l  of 3eri iouii l i ,  a s  Lne 
a n j l e  d c h a n j e s  f r o c  O0 t o  36C0.  

23 .  ?'in9 t n e  volume 25n2rated by revolari n e  
aoou t z o o r d i n z t e  axis  the  p a r t  of the 
suconri q u a d r z n t  cuL oi'i' by  the l i n e  2 x - 3 ~ ~ 6 .  



29. A sol id  i s  inscribed i n  a cone whose heiqht 
i s  H u n i  t s ,  t h v  base being a c i r c l e  of radius R 

uni ts .  A l l  t h e  sections perpen-
dicular  t o  one diaxte tur  of the 
basv a r e  isosceles tr iangles.  
Find i t s  volume. 

.904S HK2 cu.units. 
3 0 .  Firid the volume generated i f  the area  de-
scri'oed i n  1 4  on page 113 revolves about the Y-
ax i s .  sq.units  
31.. Find tne asea between the  c i r c l e s  p=aasin8 
and p = agcos 0 ,  using ss element ve r t i ca l  s l i c e s  
and  expresshg t he i r  dimensions i n  terffis of 0 .  

.57B sq .u n i  t s  
32- Find  Che area gencr8ted b y  the radius vector 
of t h e  s p i r a l  of Archirnedes, p 7 & ,  as the anqls 
rnakds i t s  f i r s t  complete revolution. 4*,a2$ 

33- Pind  t h e  area 0f t5e: Cad io id ,  p"A'versiii3, 
V2n4* t~:>j.ks 

Find  the volume of a Torus, or anchor-rir?<, 
a f igure  generated b y  revolv-
ing a c i r c l e  a b o u t  a l i n e  out- .  
s ide  the c i r c l e  b u t  i n  i t i  
plane. Let L 3, t d v  r a d l d . ;  oc  

-I____tnv r e v o l v i n g  c i r c l e  aiid i e t  F - / 
b e  ehe radius of t h e  o r b i t  or 
its center .  *2n2A2c ,  

35. Salve 23 on page 114  cu t  t i n ~~ t i 3L'i?ur2 11;-

to elsments by planes perpundicu la r  to  t h u  boi-
tom of ehe cup and perpendicular t o  t n v  svc-
t ions  used i n  23. 



Sl~IiM421Oi4S8OT VIMFLY GEOMETRIZAL. Xany quan-
t i t i s s ,  such a s  nass, Kinetic znerqy, aoments, 
e t c , ,  cannot oe calculated a t  once fo r  a whole 
body, because some necessary fac tor  var ies  i n  
value i n  d i f fe ren t  par t s  of the body. Ne then 
cut  the body i n to  GEOME'TRICAL EL3MENTS, ( s l i ces ,  
Segments,. cy l indr ica l  o r  spherical  she l l s ,  e t c ,  ) 
i n  sucn a way that  i n  each element there  s h a l l  
b u  only an INE'IMI'TESI'JiAL VAKIArION OF FHE FAV-
JOR i n  question. 

For a representat ive geometrical element (the 
sainple" ulement) ca lcula te  the correspondin; 

element of nass,  k ine t ic  energy, moment, or 
whatever i s  desired. Integrat ion between l im i t s  
tnen gives the exact t o t a l  fo r  the whole body, 

In formulating elements of the fol lov~in< 
quant i t ies ,  the fac tors  indicated must be p u t  
ioqethvr, each one expressed i n  terms of the 
coordinats  which locates  the GEOMETRICAL ELE-
%ENr w i t h i n  which vach fac tor  suffers  only i n -
f in i tes imal  variat ions: ,  

aA3S:. ( d e n s i t y * ) ~(geome t r i c a l  element) 
LOAI! on an area:. (load per sq.unit 1%(area e l ez ,  ) 
FORCE on an area: (pressure per sq.unit)x(area- 
element) 
DIST'ANCE moved:. ( speed )~  (element of time ) 
YOKK done: (force)x(element of d is tance)  

or:  (power ) X  (element of time)
KIdETIC ENERGY: W, (square of s p e e d ) ~(density ) X  

(geometrical element) 
MO?dEWT of force about an axis:. (force per sq. 

uni t  ) X  (geom. element ) X  (lever arm"*) 



MOMENT of an a rea  about an a x i s :  ( z r e a  element) 
X (lever arm** 3 

2HD 410ME!jP, o r  dO'4EIJT OF II4ERSIA of a i i n e ,  an 
area,  a v o l u ~ e ,  or  a mass:. (element of l i n e  

ofarea,  volume o r  ~ ~ S S ) * ( S Q U A R E  lever  arm*') 
HYDBOSTA'PIY FOdCZ on an agggj !elment of a rea)  

x(depth)x(water f a c t o r  
AT'SR. CZION i n  a g i v e n  d i r e c t i o n :  (mass a t t r a c t -

e +U*** 
) X  (element of a t t r a c t i n g  m a s s ) ~  ( r ac i j -

roca l  of Square of d i s t ance )x ( re s  lv ing  co- 
s i n s ) ~( z r a v i t a t i o n a l  constant  *ss**? 

SOL*ee. 
See p s r e s  37-53 i P  :he d c c s i t y  v s r i s s . ,  

-i * 
R L e v v r  a r n n  i.3 t h e  porpecA3icu la r  d i n t s n o o  
froa s b c  vlcmeat  t o  t h 2  s x ~ s .*** 

HWater f a a t o r  may b a  r c p r  3 s e n t u . 3  byl' . ' i".IL 
is t h e  x e i g h t  of a c y b i c  u n i t  of natcr. One 

****cubac Foot  x o i g h s  622 p o ~ n d s .  
I? " z t t r a o ~ i o nat a " i s  s a l l e d  Por ,  a  

rs jUppo3ca0it:u n i t  xasq 3 C  s l t u a t o d  a t  
t n a t ,  p o l n t .**** 

" G v a v a ~ a L i i c u l  s o c n t  an^" i s  t bz  f'oroe of 
a t t r n o s i o n  bet;vecn ~ c i tnasses  s e p a r a t e d
b y  a ucL1; d i ~ t % n o e .  L t  nay Sc r u p r c s s n t o d
b y  " k n .  I t z  v a P u o  i c  t h s  2 3 5  ays tem 3.8 

0438~10-~d y o ! = s ,O 


APPLICATILNC 3F SUM!/IA'i11\3N. 
I n  t h e s e  p r o b l e v z s  f o l L o z  t h e  d i r e c t i o • â r , e i v e n  

on Page 1x2. 

1. F i n d  t h a  mass of a spnerv whose dens i ty  va-
r i e s  a s  t h e  cube of Lne d i s t ance  froln the  cen-
te r ,  os in?  3 S~s/cu.cai .  a t Lhe surface,  t h e  rad-
ius o e i n g  :j Cm.  Ose coc;;ntric spher.  s h 2 l l s  
a s  e l e ~ e n t s .  '!lhy n o t  J i s c s  o r  c y l i n d r i c a l  elv-
ments a s  on pa$2 111? 14411 grams 



2 .  A parabol ic  segnent c u t  by x=4 from v2-.9x 
nas what soment about the  s t r a i g h t  line p a r t  of 
its  ooundary? 25.6 i ini ts  
3 .  How auch work i s  done i n  pu l l ing  out  3 
s p r i n g  from i t s  na tu ra l  length,  I9  inches,  t o  
twice t h a t  length,  i E  the  f o r c e  inc reases  2/3 
pounds f o r  each inch of ex tens ion ,  As element 
of work done use t h e  work done i n  lengthening 
t h e  spr ing  from X t o  x+dx iaches.  33v3 i n o  l h s  
4 .  'fhe d s n s i t y  of a rod va r i e s  from point  t o  
poin t  so t h a t  a t  a d i s t ance  of x cm from onv 

/-iend i t  i s  Ex3+(L-x)'l/lCO gas.per ::u.cm. dalcu-
l a t e  i t s  mass, I f  t h v  len? th ,  L,  i s  3 c a ,  2 n d  
the  C ~ O S Ssuc t ion  i s  2 sq ca .  8 v a r l y  J 4  2,;:s 

5. 'ivnen a inine was aoandoned, i t ;.las c o s t i a g  3C 
d o l l a r s  p v r  foo t  of depth t o  d i g  i t  d % p u r ,  IF 
t h 2  c o s t  x i l l  itlcrease 2 ,  t h e  31.5 power of t k  
jep tn ,  n b a t  1 1  P; tn: c a ~ tof l a c p u n i n q  ii 
?CO f e z t  f u r t a v r  tnan t h e  30C f t . dep tn  a t  wnici 
i t ~ ~ a aabandoned? APout #2C-,GOC 

- a rc6 +  A wire i n  tne i orc  f i f  - ~ ~ r c ~ l qe x e r t s  
2 t  ti,": cetlLer i f  w k a t  ; J t ~ ~ ' ~ ~ t ~ ~ i ~t t i , ~  wir2 has a 

#nass oC h uiii ts  sn.1 (7 L * ?  I i ~ bC ? ?  8 ~ l i it s ,  aui  
s u b t e o ~ sZ n  a n $ l ,  O E  (1) r h j i a n ;  a t  the c e n t e r ?  

( 2 d i ( / @  p )  s i n  (7c/2) f orc2 u n i  t s 

7 'fhe t r i ~ n r i l e  cu t  f ro* .  t h e  First  qiladrant b y  
t h 2  l i n e  yc.3x=5 has  c ~ n i f o r mdvnsity oP th res  
l n i t s  p e r  s o ,  u n ~ t ~i , na t  i s  its K i n e t i c  enersy 
i T  I t  rvvolves ? O O U L  Lne l i n e  x=4 a t  a r a t e  of 
4 r zd ians  pzr zvcon6i  1632 ut l i ts .  
L A rec tandle  3 E t  n i e h  i s  subnergs i  i n  a ver-
t i c a l  p c s i t l o n  so t h a t  i t s  top,  A f t  long, is C 
f t ,  oelo:! t a e  i7atJ=r suri 'acv, F i n d  t h e  t o t a l  



h y d r o s t a t i c  f o r c e  e x e r t e d  oy t h e  water  on one 
side! of  i t . AB8 (C+."&%)u n i t s  
9 ,  A rod  L f t  long has a uniform d e n s i t y  cf '  Y 
gms, p e r  l i n e a r  cin, A u n i t  mass i s  s i t u -
a t e d  on a  p e r p v n d i c u l a r  ab one end of 
the rod, a t  a d i s t a n c e  C f t  from t h e  rod 
F ind  t n a t  coaponent  of t h e  a t t r a c t i o t .  
,.rhich i s  p a r a l l e l  t o  t h e  rod  &. * 

~ k / c ) v e r s i n ~ ~ F ~ )I'
10. Find t n z  l a s s  of a n e m i s p h ~ r e  of r a d ~ u sol t 
i f  i t s  d e n s i  t.y v a r i e s  d i r e c t l y  a s  the  d i s t a n c e  
from i t s  bounding p lane ,  be ing one pound pur cu 
f t  a t  t 8 i u  ~ o s lr e ~ o t ep o i n t .  I h ; "  

I I .  A p a r a b o l i c  i rcn,  5 f t .  t n i c ~  
a t  t n 2  c r o w  and '$G E t  lenz ;vei;ne 
(5 + x 2 / 8 G )  L G L I S  p r  running Foot 
a t  a s x t i o n  x i t Croro. t h s  kvys toa~v 
Find t o t a l  t:si?tit of masonry , n u m r ~ itoris.  

12. E'inJ tc:: r:ass of a cone i f  t h e  d v t i s i t y  va-
r i e s  2 3  t h ~d i s t a n c e  f r m  t h e  basu, D;ing u ~ i i t y  
a t  t h e  ~ e r t z x .  ~ h / 1 2u n i t s .  
13. Find t n e  nioment of i n e r t i a  oi' a $ r i n d s t o n e ,  
d e n s i t y  k u r i i t s  pe r  C U ,  u n i t ,  r a d i u s  a u n i t s  
and t h ~ c k n e s sb u n i t s ,  whose mass, M,  i s  there-  
f o r e ,  m 2 b X ,  about t h e  a x i s  on which t h e  s t o n e  
shou ld  t u r n .  n s 4 b ~o r  ',da2/? 
1 4 .  F i n d  t h s  aoaen t  of  i n e r t i a  OS a spi lere of 
r a d i u s  '3 and d e n s i t y  k aoout  a d i a n e  t e r ,  u s inq  
a s  z l e ~ ~ v n t sd i s c s  p e r p e n d i c u l a r  t o  t h c  a x i s p  
and mci t in?  usr: of tne resul t  o b t a i n e d  i n  prob- 
lern 1 2  aoove. f o r  tnv momsnt of i n e r t i a  of  such 
a d i s c .  B n ~ ~ / l E i  

15. I'hz fo rcv  w i t h  which t h e  sun p u l l s  on a one 



i 

pound mass is (312)x l O e  tons d iv ided  by the 
Square of the  number of miles between the i r  
centers .  F ind  the work done by the so la r  at-
Braction i n  pulling a one pound meteorite from 
the o ro i t  of Neptune, radias 28x10e miies to 
t he  surface of the sun, radius 43x104 miles. 

About 3500 rnile-tons 
16, Find the k ine t ic  energy of a t h i n  rod re-
volving about an axis  t h r u  one end. Lenqth of I 

rod A Cm., speed W radians per sec., mass m $ms, 
XrnA 2b)2 

17. Find the a t t r ac t i on  of the rod i n  problem 
no,16 above upon a uai t  mass s i tuated C cm from ; 

one end of the rod and i n  the l ine  of the rod 
produced. m+(cP+4c) u n i t s  
18. A qnit  mass i s  s i tuated i n  Vhe axis  
of a c i r c u l a r  d i s c  and C cm. from i t s  
vanter.  The disc  has a radius of R Cm.,  

and a mass of G gms per sq.cm. F i n d  t h c  
a t t r ac t i on .  ZnO*versin 8 

19.  W i t h  the h e l p  of 18 f i n d  the a t t r ac t i cn  cf I 
an i n f i n i t e  plane, density G units per sq. unit 
upon a point C unl ts  from i t .  2xG force units  
20. Find the moment of i n e r t i a  of a semicircle 
aoout i t s  bounding dianeter  if the densi ty  of 4 
the matter d i s t r ibu ted  over the area varies in -
versely a s  the distance from t h i s  diamvter . 
21. Find the t o t a l  hydrostat ic  force on a ver-
t i c a l l y  submerged c i r c l e ,  radius R, i t s  center  
being C f t  below the water surface. nR2cU 
22. Find the moment of i n e r t i a  of a rectangular 
area  about one side.  a3b/3 
23, Find the moment of i n e r t i a  of a rectanole 8 



about a l i n e  thru the Center p a r a l l e l  to cne 
s ide .  a30+I:! 
24, A parabolic segment cut  from ay=x2 by y=b 
i s  submerqed a i t h  i t s  s t r a igh t  s ide up, level,  
2nd c f t  below ths water surface. Find the to- 
t a l  hydrostatic force ac t in?  on one side of i t .  
25. A ham weighing 12 lbs .  i s  placed on the 
piatform of a spring balance ~vhich sinks 2 i n .  
thereby. Lote that  the pcinter  indicates on the 
d i a l  the var ia t ion of the force as the platform 
goes down, and computu the work done Dy the ham 
i n  thus wei~hinq i t s e l f .  1 f t . l b  
26. F i n i  the mass of a s t i ck  1 inch Square and 
a yard lonq, if i t s  density varies as khe 
square root of the  distance fron! one end, being 
1/30 l b  .Per cu. inch a t  the heavy end. 4/5 l b .  

27. F ind  the moment of i n e r t i a  of a slim u n i -
form rod about a perpendicular bisector.  MaP+12 
28. Take t h e *  weight of a cu .• ’ t .  of stoncr as  W 
lbs .  If each piece has to b s  raised from the 
ground to i t s  f i s a l  position, what i s  the work 
done i n  r a i s ing  i n t o  place a l l  the stone fo r  a 
square pyramid, I00 f t  on a side and 120 f t .  
high. 12Wx106 f t . l b s .  
29. A so lut ion i s  a  cy l indr ica l  j a r ,  10 sm deep 
and 15 sq.cm cross section, s e t t l e s  so that  the 
dens i ty  var ies ,  being xp+(x+ l )  gm./cu.cs. a t  a 
depth of X cm below the surface of the l iquid .  
Find the whole mass of the solution.  636 gas. 

30. T h e  mass of a grindstone i s  10 l b s ,  i t s  
radius i s  1 f t, and i t  makes 2 turns p s r  sec. 
Find i t s  k ine t ic  energy. 800 f t . l b s .  
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